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Abstract 



We study two-parameter oscillator variations of the classical theorem on har- 
monic polynomials, associated with noncanonical oscillator representations of sl(n, F) 
and o(n, F). We find the condition when the homogeneous solution spaces of the 
variated Laplace equation are irreducible modules of the concerned algebras and 
the homogeneous subspaces are direct sums of the images of these solution sub- 
spaces under the powers of the dual differential operator. This establishes a local 
■ {sl(2, F), sl(n, F)) and (sl(2, F),o(n,F)) Howe duality, respectively. In generic case, 

the obtained irreducible o(n, F)-modules are infinite-dimensional non-unitary mod- 
ules without highest-weight vectors. As an application, we determine the structure 
of noncanonical oscillator representations of sp(2n,C). When both parameters are 
equal to the maximal allowed value, we obtain an infinite family of explicit irre- 
ducible (G, /C)-modules for o(re,F) and sp(2n, C). Methodologically we have exten- 
sively used partial differential equations to solve representation problems. 

On ' 
(N . 

<N : 1 Introduction 

o. 

Harmonic polynomials are important objects in analysis, differential geometry and physics. 
A fundamental theorem in classical harmonic analysis says that the spaces of homoge- 
^ neous harmonic polynomials (solutions of Laplace equation) are irreducible modules of 

the corresponding orthogonal Lie group (algebra) and the whole polynomial algebra is a 
free module over the invariant polynomials generated by harmonic polynomials. Bases of 
these irreducible modules can be obtained easily (e.g., cf. [X]). The algebraic beauty of 
the above theorem is that Laplace equation characterizes the irreducible submodules of 
the polynomial algebra and the corresponding quadratic invariant gives a decomposition 
of the polynomial algebra into a direct sum of irreducible submodules. This actually forms 
an (sl(2,¥),o(n,¥)) Howe duality. 

Lie algebras (Lie groups) serve as the symmetries in quantum physics (e.g., cf. [FC, L, 
LF, G]). Their various representations provide distinct concrete practical physical mod- 
els. Many important physical phenomena have been interpreted as the consequences of 
symmetry breaking (e.g., cf. [LF]). Harmonic oscillators are basic objects in quantum 
mechanics (e.g., cf. [FC, G]). Oscillator representations of finite-dimensional simple Lie 
algebras are the most fundamental ones in quantum physics. Their infinite-dimensional 
analogues are free field representations of affine Kac-Moody algebras. 



^000 Mathematical Subject Classification. Primary 17B10, 17B15; Secondary 42B37. 



The aim of this work is to establish certain two-parameter oscillator variations of the 
classical theorem on harmonic polynomials, associated with noncanonical oscillator repre- 
sentations of special linear Lie algebras and orthogonal Lie algebras, which are obtained 
by swapping differential operators and multiplication operators in the canonical oscillator 
representations induced from the natural representations. The Howe duality does not 
hold on the whole polynomial algebras. But we find the condition when the homogeneous 
solution spaces of the variated Laplace equation are irreducible modules of the concerned 
algebras and the homogeneous subspaces are direct sums of the images of these solution 
subspaces under the powers of the dual differential operator. We may call this a local 
(sl(2,¥), sl(n,¥)) and (sl(2,¥),o(n,¥)) Howe duality, respectively. In particular, we ob- 
tain explicit infinite-dimensional non-unitary modules of orthogonal Lie algebras that are 
not of highest-weight type. As an application of our results on special linear Lie algebras, 
we prove that the homogeneous subspaces in noncanonical oscillator representations of 
symplectic Lie algebras are irreducible except some singular cases, in which the homoge- 
neous subspaces are direct sums of exactly two explicitly given irreducible submodules. 
Explicit bases of all the above irreducible modules in generic case are obtained. 

Let G be a semisimple Lie algebra and let /C be a maximal proper reductive Lie sub- 
algebra of Q. An infinite-dimensional irreducible (/-module is said of (Q,K.)-type if it is 
a direct sum of finite-dimensional irreducible /C-submodules. When both parameters are 
equal to the maximal allowed value, we obtain an infinite family of explicit irreducible 
(G, /C)-modules for orthogonal Lie algebras and symplectic Lie algebras. Since our rep- 
resentations are not unitary, the concerned modules are infinite-dimensional and we are 
dealing with pairs of dual invariant differential operators, traditional methods fail to solve 
our problems. In fact, we have extensively used the method of solving flag partial dif- 
ferential equations developed in [X] by the second author. Below we give a technical 
introduction. 

For convenience, we will use the notion i,i + j = {i, % + 1, % + 2, % + j} for integers 
i and j with % < j. Denote by N the additive semigroup of nonnegative integers. 

Let E TtS be the square matrix with 1 as its (r, s)-entry and as the others. The compact 
orthogonal Lie algebra o(n, R) = Ei<r<s<u^(^s — Es,r), whose representation on the 
polynomial algebra A = R[xi, x n ] is determined by (E r . fS — E StT )\^ = x r d Xs — x s d Xr , 
which we call the canonical oscillator representation of o(n, R) (e.g., cf. [FSS]). Denote by 
Ak the subspace of homogeneous polynomials in A with degree k. Recall that the Laplace 

operator A = d Xl H hc^ n and its corresponding invariant rj = x\ + x\ H \-x 2 n . When 

n > 3, it is well known that the subspace of harmonic polynomials 

U k = {f eA k \A(f) = 0} (l.l) 

forms an irreducible o(n, R)-module and A k = Hk © which is equivalent to that 

Ah = ©|=i 2 " ?fHfc-2i is a direct sum of irreducible submodules. Since the space FA + 
F[A, 77] + F77 forms an operator Lie algebra isomorphic to s/(2,R), the above conclusion 
gives an (si (2, R), o(n, R)) Howe duality. 

Below all the vector spaces are assumed over a field F with characteristic 0. Moreover, 
we always assume that n > 2 is an integer. Let us reconsider the canonical oscillator 



representation of sl(n,¥): 



E i:j \A = x i d j for i,j G (1.2) 

Fix 1 < ni < n. Note 

[0 Xr ,a; r ] = 1 = [-x r ,d Xr ]. (1.3) 



Changing operators h- >■ — x r and x r i-> in (1.2) for r 6 l,ni, we obtain the following 
noncanonical oscillator representation of sl(n,¥) determined by: 



-Xjd Xi - Sij if ij G 1,th; 



^ i _ j if i G l,wi, j € ni + l,w ; ^ ^ 

'' J ' —XiXj if « G n x + l,n, j G 1, ni; 

Xid Xj if «,jGni + l,n. 

For any k G Z, we denote 

n ni 

= Span {x a \ a eN n ; Y a r -^«j = A;}. (1.5) 

r=n\+l i=l 

It was presented by Howe in his work [Ho] that for mi,m 2 G N with mi > 0, A(- mi ) is 
an irreducible highest-weight sl(n, F)-submodule with highest weight miA ni _i — (mi + 
l)A m and A{ m , 2 ) is an irreducible highest-weight sl(n, F)-sub module with highest weight 

-(7712 + l)A m + m 2 (l - <Jni,n-l)Arn+l- 

Denote B = ¥[x u ... i^mUx-, ■■■■,Vr\- Fi x n i,n2 G 1,71 with ni < 7i 2 . Changing operators 
d Xr !->■ -a^r, aJr ^ d Xr for 7" G 1, Tii and d Vs !->■ -y s , y s h-» (9^ for s G n 2 + l,n, we get 
another noncanonical oscillator representation of sl(n,¥) on £> determined by 



Eij\ B = E*. - E). for i,je l,n (1.6) 



with 



-Xj9 Xj - if i, j G l,rii; 



£w i = i d xid Xj if i G l,wi, j G ni + l,w ; ^ ? , 

—XiXj if i G T^i + 1,^, j £ 

Xj9 x , if i, j G ni + l,n 



and 



yid yi ifo,jGl,n 2 ; 



E y ] = I ~ ViVj if * G hJ}2±A3 712 + 1 ' w i (i g) 

'■' " " s if i G n 2 + l,w, j G l,n 2 ; 

- 6^ if i, j G n 2 + 1, 7i. 
The related variated Laplace operator becomes 

i=l r=ni+l s=n2+l 

and its dual 

i=l r=«i+l s=n,2+l 

Set 

n ni ni n 

% /2) = Span{a:Vl«,/3eN n ; ^ a r - Y a, = £ l5 ^ ft - ^ ft = £ 2 } (1.11) 



r=ni+l i=l i=l r=n,2+l 



for £ u £ 2 G Z. Define 

n M) = {/ G B M) | V(f) = 0}. (1.12) 
The following is our first result: 

Theorem 1. For any £±,£2 G Z sncn £na£ £\ + £2 < n x — n 2 + 1 — o~ ni ,n 2 , ^{£1/2) ^ s 
an irreducible highest-weight si (n, F) -module and B^^ = ©m =0 ^ m (^^i-m,£ 2 -m)) ^ s a 
decomposition of irreducible submodules. In particular, B^^ = 'H{e 1 ,t 2 ) © r )(B{e 1 -i,e 2 -i))- 

When rii + 1 < n 2 < n and £\ + £ 2 > n\ — n 2 + 1, 'H(£ 1 ,£ 2 ) * s n °t irreducible and 
contains nonzero elements in 77(6(^-1/2-1)). Although the space ¥T> + F[X>, rj] + F77 forms 
an operator Lie algebra isomorphic to sl(2, M), we do not have an (si (2, F), sl(n, ¥)) Howe 
duality. We may call Theorem 1 an local (si (2, F), sl(n, ¥)) Howe duality. 

Consider the split 

n 

o(2n, F)=J2 HE ltj - E n+hn+i ) + ^ [¥(E hn+J - E jtn+i ) + ¥(E n+j>i - E n+iJ )] (1.13) 

i,j=l l<*<i<n 

and define a noncanonical oscillator representation of o(2n, F) on B by 

,3 ~ E n+j>n+i ) \ B = Efj\ B - EV^b, ( 1 . 14) 



d Xi d yj if % G l,ni, j G l,n 2 , 



p I _ J -J/j^ if i G j G n 2 + l,w , , v 



— Xj^- if i G Tii + 1, 7i, j G n 2 + 1, n 



and 



Xj-yj if j G l,7ii, i e l,n 2 , 



. -Xjdy. if j G l,wi, i G n 2 + l,n , , . 

" + ''- J ' |B " ^ Z/A. if j G m + l,n , i G l,n 2 , ^> 
d Xj d yi if j G Tii + 1, n, i G n 2 + 1, n. 



Set 



%A>» «W = {/6B(*) I W) = 0}. (1.17) 

Below we always take /C = ^^=1 ^(-^J — En+j,n+i)- Our second results is: 

Theorem 2. For any 77,1 — n 2 + 1 — 5 nijU2 > k G Z, an irreducible o(2n, ¥)- 

submodule and Bha = @°1 r] l (T-L/k-2i)) is a decomposition of irreducible submodules. In 
particular, B(k) — H(k) © v(B{k-2))- The module 'H(k) under the assumption is of highest- 
weight type only if n 2 = n. When n\ = n 2 = n, all the irreducible modules T-L{k) with 
> k G Z are of (Q, K.)-type. 

We may view Theorem 2 as an local (si (2, F), o(2n, ¥)) Howe duality. 
Note the split 



n 

o(2n + 1, F) = o(2n, F) © 0[F(£ OjJ - E n+lfi ) + ¥(E , n+t - E ifi )]. (1.18) 

i=i 



Let B' = Ff Xo,Xii ...,x n ,yi, ...,y n ]. We define a noncanonical oscillator representation of 
o(2n + 1,F) on B' by the differential operators in (1.14)-(1.16) and 



-x Xi if i G 1 , rii, 



E 0i \b' = < X °f + (i.i9) 

' x d yi if % G ti + l,n + n 2 , v ; 

—XQi/i if 7 G n + ri2 + 1, 2n 



and 



ft^a,.. ifiel,ni, 



£io|*=< X f° ^. € ^ + 1 ' w » (1.20) 

* J/i§r if 7 G 77+ l,77 + 77 2 , V ^ 

(9^(9^ if 7 G n + 77 2 + 1, 2n. 
Now the variated Laplace operator becomes 

ni ri2 ra 

j=l r=ni+l s=?i2+l 

and its dual operator 

ni n2 n 

r)' = x 2 + 2Y2 yi d Xi + 2 x r y r + 2 ^ x s d Vs . (1.22) 

i=l r=rai+l s=n,2+l 

Set 

oo 

The following is our third result. 

Theorem 3. For any n± — 77 2 + 1 — 5n 1 ,n 2 > A: G Z ; H'^ is an irreducible o(2n+ 1, F)- 
submodule and B'^ = ©^o(^') J ('^(fe-2j)) ^ s a decomposition of irreducible submodules. In 
particular, B'^ = H'^ © rj' (B'^ k _ 2 ^) . The module H'^ under the assumption is of highest- 
weight type only if n 2 = n. When n\ = n 2 = n, all the irreducible modules H'^ with 
> k G Z are of (Q, K,)-type. 

Again Theorem 2 can be viewed as an local (si (2, F), o(2n + 1,F)) Howe duality. 
Define a noncanonical oscillator representation of sp(2n, F) on B by (1.14)-(1.16). 
Using some results in the proof of Theorem 1, we prove: 

Theorem 4. Let k G Z. If n\ < 77 2 or k ^ 0, the subspace B{k) (cf. (1.17)) is 
an irreducible sp(2n,¥)-submodule. When ni = n 2 , the subspace B(n\ is a direct sum of 
two irreducible sp(2n,¥) -submodules. Moreover, each irreducible submodule is of highest- 
weight module only if n 2 = 77. When n\ = n 2 = 77, all the irreducible submodules are of 
(Q,K)-type. 

In addition, the explicit expressions for all the above irreducible modules are given. 
In the case of highest-weight type, the highest-weight vector and its weight of the corre- 
sponding irreducible modules are also presented. Since the representations with parame- 
ters (711,712) are contragredient to those with parameters (77 — n 2 , 77 — ni), the case n 2 < 77 X 
has virtually been handled. 



In Section 2, we present some preparatory works, in particular, the method of solving 
flag partial differential equations found in [X] by the second author. In Section 3, we 
prove Theorem 1 when n\ < n 2 . Section 4 is devoted to the proof of Theorem 1 with 
n\ — n 2 . In Sections 5, 6 and 7, we prove Theorems 2, 3 and 4, respectively. 



It is very often that Lie group theorists characterize certain irreducible modules as kernels 
of a set of differential operators. But how to solve the corresponding systems of partial 
differential equations is in general unknown. It was realized by the second author that 
these equations are of "flag type" when the modules are of highest-weight type. A linear 
transformation (operator) T on a vector space V is called locally nilpotent if for any v e V, 
there exists a positive integer k such that T k (v) = 0. A partial differential equation of 
flag type is the linear differential equation of the form: 



where d±, d 2 , d n are certain commuting locally nilpotent differential operators on the 
polynomial algebra ¥[x 1 ,x 2 , ■■■,x n ] and / 1? f n _i are polynomials satisfying di(fj) = if 
i > j. Many variable-coefficient (generalized) Laplace equations, wave equations, Klein- 
Gordon equations, Helmholtz equations are of this type. Solving such equations is also 
important in finding invariant solutions of nonlinear partial differential equations (e.g., cf. 
[II, 12]). In representation theory, we are more interested in polynomial solutions of flag 
partial differential equations. The second author [X] found an effective way of solving for 
them. The following lemma is a slightly generalized form of Lemma 2.1 in [X]. 

Lemma 2.1 (Xu [X]). Let B be a commutative associative algebra and let A be a 
free B-module generated by a filtrated subspace V = [j^L V r (i.e., V r C V r+ i). Let Ti be 
a linear operator on B © A with a right inverse T± such that 



T X {B,A), Tf (B, A) c (B,A), T^m) = 7\(m)?72, T^imm) = (771)772 (2.2) 



2 Preparation 



(di + fid 2 + f 2 d 3 + --- + f„-id n )(u) = 0, 



(2.1) 



for 771 e B, 772 G V , and let T 2 be a linear operator on A such that 



T 2 (K+i) C BV r , T 2 (fC) = fT 2 (C) 



for r e N, / e B, ( e A. 



(2.3) 



Then we have 



{geA\(T 1 + T 2 )(g)=0} 




(2.4) 



i=0 




(2.5) 



For each i e l,n, we define the linear operator J , , on A 




for aGN 



n 



(2.6) 



Furthermore, we let 



m 

(0) r (m) 



= 1, / =/ •••/ for < m G Z (2.7) 

(Xi) J ' (Xi) J (Xi) J(Xi) 



and denote 



/(a) p(ai) p(a 2 ) f(a„) 

= / ... / for a G N n . (2.8) 

Obviously, is a right inverse of <9 a for a G N n . We remark that f {q) <9 Q ^ 1 if a ^ due 
to <9 a (l) = 0. In this paper, our Ti's are of the type d a and the right inverse T{ = 

Let mi,m 2 , ...,m n be positive integers. Taking Ti = T 2 = <9™ 2 + - - - + <9™ n and 



Tf = we find that the set 



°° /kj Lk\ K(fa+-+Mmi) 

{ E < ^ T\ k ) / <*f> 

fc2 „.„ fc „=o V fc2,-,A; n /y (xi) 

xC 2m2 (4 2 ) " • -^: m "«") | €i G Cmx-l, 4, G N} (2.9) 
forms a basis of the space of polynomial solutions for the equation 

{d£+dg + ~- + d£)(u) = 0. (2.10) 

When all rrii = 2, we get a basis of the space of harmonic polynomials. 

Cao [C] used Lemma 2.1 to prove that the subspaces of homogeneous polynomial 
vector solutions of the n-dimensional Navier equations in elasticity are exactly direct 
sums of three explicitly given irreducible submodules when n ^ 4 and direct sums of 
four explicitly given irreducible submodules if n — 4 of the corresponding orthogonal Lie 
group (algebra), and the whole polynomial vector space is also a free module over the 
invariant polynomials generated these solutions. The result can be viewed as a vector 
generalization of the classical theorem on harmonic polynomials. Moreover, Cao solved 
the initial value problem for the Navier equations based on the ideas in [X]. 

The idea of solving flag partial differential equation in [X] leads the second author to 
find a family of special functions functions 

by which we can solve the initial value problem of the equation: 

m 

(c-Ew,-,yw=o, (2.i2) 

r=l 

where fi(d X2 , d Xn ) G R[d X2 , d x J. 

Let A = ¥[xi, x n ] and let gl(n,¥) act on A by (1.4). With the notion in (1.5), 
A = ©fc e ^"4(fc} is a Z graded algebra and each homogeneous subspace A{k) is infinite- 
dimensional. Set 

n m 

b= x r d Xr -^Xid Xi . (2.13) 



Then 

Aw = {feA\\>(f)=kf}. (2.14) 

Moreover, we have 

\>Eij = Ej^b on A for i,j G l,n. (2-15) 

Thus Aha forms a (/-module for any subalgebra Q of gl(n,¥). 

For a G N", we denote a\ = Y\i=i a i- an d define a symmetric bilinear form (-|-) on A 

by 

{x a \ x P) = 5 a%f ){-ljZ*=i- ai a\ for a^GN" (2.16) 

Then we have: 

Lemma 2.2. For any A G g/(n, F) and f,g G ^4, we /iawe = where 

A 1 denote the transpose of the matrix A. 
Proof. Let a, (5 G N n . For i,j G l,ni, 

(^■(x Q )|^) = - M^V) (2.17) 

and 

{x a \E^)) = -(5 3 (x a \x^-^) - ^-(iV) (2.18) 

by (1.4). Note 

a^ Q+ ^- e V) = (Ja +ej - ei ^(-l) ESiai K- + l)a! 

= ^^ +ej _ ej (-l)^- Q ^! =/J,-(x a |^ +e '- e (2.19) 

by (2.16). Hence 

(E t ,(x a )\x^) = (x a \E^)). (2.20) 

If i, j Gni + l,n, then (2.19) holds and so does (2.20). 
Consider i G 1, ni and j G ni + 1, n. 

(^•(^)|^) = a^-(x— ^|^) = -5 a _ ei _ e . )/3 (-l)£^ a! (2.21) 

and 

{x a \Ejj{xP)) = -(x a \x^ + ^) = -S a , p+ei+£j (-l)^ ai a\ (2.22) 

by (1.4) and (2.16). So (2.20) holds. Therefore, the lemma holds by the symmetry of the 
form. □ 

Let Q be simple Lie subalgebra of gl(n, F) such that A 1 E Q ii A e G- Let H be a 
Cartan subalgebra of Q and assume that A forms a weighted (/-module with respect to 
H . Fix the positivity of roots and denote by Q + the sum of positive root subspaces. A 
singular vector is a weight vector annihilated by positive root vectors. 

From now on, we count the number of singular vectors up to a scalar multiple. More- 
over, an element g G A is called nilpotent with respect to Q + if there exist a positive integer 
m such that 

6 • • • U(g) = for any U G 6?+. (2.23) 



A subspace V of A is called nilpotent with respect to Q + if all its elements are nilpotent 
with respect to Q + . If the elements of Q+\a are locally nilpotent and Q+(Ai) C YH=o^r 
for any ieN, then any element of A is nilpotent with respect to Q + by Engel's Theorem. 

Lemma 2.3. If a submodule N of A is nilpotent with respect to Q + , N contains only 
one singular vector v and (v\v) 7^ 0, then N is an irreducible summand of A. 

Proof. Under the nilpotent assumption, any nonzero submodule of iV contains a sin- 
gular vector. In particular, Ni = U(Q)(v) is an irreducible submodule by the uniqueness 
of singular vector. Set 

Nf = {ueN\(u\w) = 0\weN 1 }. (2.24) 

and 

TZ = {ue N\(u\w) = 0\w e N}. (2.25) 

Note that and 1Z are submodules of iV by Lemma 2.2. If 1Z 7^ 0, it should contain 
a nonzero singular vector, which is impossible according to the assumption (v\v) 7^ 0. 
Therefore 7Z = {0}, and iV = Af^iVj 1 . But = by the same argument, and so 
N = N x . The fact K = {0} implies that 

A = N ®{f e A\ (f\g) = 0ior g e N} (2.26) 

is a direct sum of ^-submodules. □ 

Let Q = ¥(xi, x n , yi, y n ) be the space of rational functions in xi, x n , y±, y n . 
Define a representation of sl{n, F) on Q via 

Eij\<2 = Xid Xj - y-jd yi for i,j e l,n. (2.27) 

Set c = Y17=i x iyi- Then 

e(C) = for £esl(n,W). (2.28) 

Take 

n-l 

H = J2^(E ht -E l+ltl+1 ) (2.29) 
i=i 

as a Cartan subalgebra of sl(n,¥) and the subspace spanned by positive root vectors: 

sl(n,¥) + = ¥E ^r ( 2 - 3 °) 

i<«<i< 

The following lemma was proved in [X], which will be used in next section. 
Lemma 4. Any singular function in Q is a rational function in xi,y n ,(- 

3 The 5/ (n, F)- Variation I: rt\ < 

Fix ni,n2 6 l,n such that ri\ < ri2- Recall that Q is the space of rational functions in 
x±, ...,x n ,y 1 , ...,y n - Define a representation of sl(n,¥) on Q determined by 



E^q^E^-E*. for i,j6l,n 



(3.1) 



with 

-Xjd x .-6u ifi,j'el,ni; 



E x I _ j if i G l,wi, j G ri! + l,w ; , g ^ 

i —x^j if i G wi + 1, n, j G 1, ni; 

Xj9 x . iH,jGni + l,n 



and 



iH,jGl,n 2 ; 



^ I Q = < 7f ^ * I l ~^P ^ (3.3) 

' o y .d y . if z G n 2 + l,n, j G l,n 2 ; 



- 5jj if i, j G n 2 + 1, ra. 



Recall b in (2.13) and define 



n2 



b' = ^^%- y r <9?/ r . (3.4) 

i=l r=ra2+l 

Moreover, the deformed Laplace operator T> in (1.9) and its dual r\ in (1.10). Then 

TEij\ Q = E it j | qT for T = \>,\>',V, m i,j G T7n. (3.5) 

In addition, 

[b,X>] = [b',Z>] = -X>, [b,77] = [b',77] = 77. (3.6) 
By (3.1)-(3.3), we find 

^,r|s = -x r d Xi - y r d yi for 1 < i < r < rii, (3.7) 



^nx+slc = d Xi d Xni+s - y ni + s d yi for i e l,m, s G l,n 2 - m, (3.8) 

E t,s\q = x r®x a - Vsdy r for m < r < s < n 2 , (3.9) 

En 2 ,n 2 +1 = x n 2 d Xn2 + i ~ dy n fly n2 +\i (3.10) 

Ei,r\<2 = x $*r + Vidyr for n 2 + 1 < i < r < n. (3.11) 

The subalgebra sl(n, F)+ in (2.30) is generated by the above E^. 
Denote 

«2 

Cl = x n\-\Vn\ ~~ XmUm-1, C = 2V2/r, C2 = ^n 2 +l£/n2+2 — X n2+2 y n2+ \. (3-12) 

r=m+l 

We will process according to three cases. 
Case 1. rii + 1 < n 2 

Assume n\ + 1 < n 2 < n. Suppose that / G Q is a singular vector. By Lemma 2.4, / 
can be written as a rational function in 

{xi,y r , C1XX2 I n 2 + 2 ^ i e 1, m + 1 (J n 2 + 1, n, m - 1 ^ r G l,ni|Jr^7n}. (3.13) 

Note 

^n 1 -i 1 n 1 (/) = -a:n 1 ^ ni _ 1 (/) = (3.14) 

by (3.7) and 

E n2+hn2+2 (f) = y n2 +id yn2+2 (f) = (3.15) 



by (3.11). So / is independent of £ ni _i and y n . 2+ 2- For i G l,ni — 2, we have 

Si,m-i(/) = -x ni -id Xi {f) -y ni -id Vi (f) 

= -x ni ^(d Xi (f) + s" 1 y„A(/)) +x" 1 Ci^(/) = (3.16) 

by (3.7). Since both 9 Xi (/) + x~ly ni d yi (f) and x~lC,id yi (f) are independent of x ni _i, we 

have dyXf) = 0, which implies d Xi (f)—0 by (3.16). Thus / is independent of {xi,yi \ 

i G l,rii — 1. Similarly, we can prove that / is independent of {xi,yi \ i G n 2 + l,n. 
Therefore, / only depends on 

{#ni, #ni+l, #n 2 +l, Z/ni, 2/n 2 , 2/n 2 +l, Cl, C, C2}- (3-17) 

According to (3.8) and (3.12), S m , ni +i|e = d Xni d Xni+1 - y m+1 d yni and 

E ni , ni +l(f) = fx ni x ni +i + yni+i(fx ni ( - 2/m-i/ciC ~~ /j/ni ~~ #ni-i/ci) = 0. (3.18) 
Applying K 1+ i,n 2 |s = x ni+1 d Xn2 - y n2 dy ni+1 to the above equation, we get 

~fx ni c + yni-i/ciC + /y„i + Zni-i/ci = (3.19) 
by (3.9). According to (3.12), 

#ni-l = ^Cl + X ni VnlVm-l- ( 3 - 20 ) 

Substituting it into (3.19), we get 

yni-l(/CiC + Vn^nJci) + fy ni + J/^Cl/Ci ~ /* ni C = °" ( 3 ' 21 ) 

Since / is independent of y ni -i, we have 

/dC + ynX/d^O. (3.22) 

Thus 

/Ci = e^"^ (3.23) 

for some function (7 in the variables of (3.17) except (, i.e., = 0. But / is a rational 

function in the variables of (3.17) and so is fa. Hence (3.23) forces = 0, that is, / 
is independent of Ci- Similarly, we can prove that / is independent of ( 2 - Now / only 
depends on 

{x ni , x ni +i, x n2 +±, y ni , y n2 , Un2+i) C}- (3.24) 

Since C = Y^ ni +i x iV^ f e ® = ■■-,x n ,yi, -,yn] if and only if / is a polynomial in 
the variables (3.24). Now (3.18) and (3.19) are equivalent to 

fx ni x ni+ i — 0, fx ni c ~ fy ni = 0- (3.25) 

Similarly, we can prove 

fyn 2 yn 2 + l = 0, /j/n 2 + lC ~ fxn 2 + l = 0- (3.26) 

Set 

0(mi, m 2 ) = y j — 7. for mi,m 2 GN. (3.27) 

i=0 



By Lemma 2.1 with 7\ = d Vni , T x = ^ (cf. (2.6)) and T 2 = —d Xni d^ : the polynomial 
solution space of (3.25) is 



oo oo 



pF[x ni+ i,C] ¥<f ) (m 1 ,m 2 )][¥[x n2+1 ,y n2 ,y n2+1 ]]. (3.28) 

Denote 



mi = l rri2=0 



ip(mi, m2) — / j rj tor mi,m 2 6f*l, (3.29) 

i=0 

, ( v ^ < 2 + l(^n 2 + 1 ^) r (0( m l ; m 2)C 2 3 +l) 

<j)(m 1 ,m 2 ,m 3 ) = ^ j 



r=0 

oo 



i,r=0 



Solving (3.26) by Lemma 2.1 with T\ = d Xna+1 Tf = L +i) (cf. (2.6)) and T 2 = 
-d yri2+1 d^, we find the polynomial solution space of the system (3.25) and (3.26) is 



oo oo 



C] + ^2^^(mi,m 2 ,m 3 ) 

m.i,m,3=l m 2 =0 



oo oo 



+ 5^ (% fl2 ]0(mi,m 2 ) +F[x m+ i]^(7ni,m 2 )). (3.31) 

mi=l m 2 =0 

According to (1.10), 

CiCC' = r(CiC). ( 3 - 32 ) 

^ m2 (« 3 ) = (c+^rwc) = ^k.^c (3.33) 

^ 2 (C + i< 3 + i) = (C + ^ + J^(CiCi) = ^K."»2)Ci. ( 3 - 34 ) 

iTOCC+i) = (C + V-A* +^ 2+ i^ n2+1 ) m2 (x™ 1 C 2 3 + i) = ^Kmj.ms). (3.35) 

It can be verified that {i] mi (x™ 2 ?/™ 3 ) | mi,m 2 ,m 3 GN;i = n\,n\ + 1; j = n 2 ,n 2 + 1} are 
singular vectors. By (3.31)-(3.35), the nonzero vectors in 

{F^K^yf 2 ) | m 1 ,m 2 G N; i = m,m + 1; j = n 2 ,n 2 + 1} (3.36) 

are all the singular vectors of sl(n,¥) in B = ¥[xi, ...,x ni ,yi, ...,y n2 \. 
Similarly, when n 2 = n and n\ < n — 2, the nonzero vectors in 

{FfoKiCsC 2 ) I m i' m 2 G N;* = m,m + 1} (3.37) 

are all the singular vectors of sl(n, F) in B. 
Denote 

n = {feB\ V(f) = 0}. (3.38) 
By (3.5), % forms an sl(n, F)-submodule. Recall B^^ 2 ) defined in (1.11). Then 

% A) = {/ G B | b(/) = €!/; b'(/) = hf} (3.39) 



by (2.13) and (3.4). Moreover, B = 0^ e eZ B^,^) becomes a Z 2 -graded algebra. Ac- 
cording to (3.5), B(g lt £ 2 ) forms an sl(n, F)-submodule, and so does 

n {ei ,e 2} =B {eui2} f)n. (3.40) 

Next (1.9) and (1.10) imply 

[V,rj\ = n 2 -n 1 + b + b', V(x^yp) = (3.41) 
for mi, m 2 G N, i — ni, ni + 1 and j = n 2 , n 2 + 1. Thus 

^ni+l^ 2 ^(mi,n«2)i ^i+l^+l ^ ^(mi,-m 2 )> (3.42) 

For any # G "H^^and < m G N, we have r?" 1 ^) G ^ 1+m ^ 2+m and 

D(^ m ((?)) = m(n 2 - Wl + ti + £ 2 + m - l)^" 1 ^). (3.44) 

Thus 

V(r] m (g)) = if and only if ^ + £ 2 < m - n 2 and m = m - n 2 - £1 - £ 2 + 1. (3.45) 
If so, 

r) m (g) G U 

Til— 712—^2+1,^1—712 — (3-46) 

Note 

(n 1 -n 2 -£ 2 + l) + (n 1 -n 2 -£ 1 + l) = n 1 -n 2 + 2 + (n 1 -n 2 -£ 1 -£ 2 ) > nx-n 2 + 2. (3.47) 

Let f{i lt e 2 ) G %(t 1 jt 2 ) be a singular vector in (3.42) and (3.43). Then the singular 
vectors in % are nonzero weight vectors in 

Span{/ <<1)<2> ,77 ni - n2+1 - ri - ra (/ (ri)r2) ) I £i,£ 2 ,n,r 2 G Z;n + r 2 < m - n 2 } (3.48) 

by (3.36), where 

^7 {f(ri,r 2 }^) G 'H^ ni _ Tt2 4-i_ r2jrai _ n2 +i_ ri ) . (3.49) 

Thus when ri\ + 1 < n 2 < n, we have 

1-1(^/2) has a unique singular vector if £1 + £ 2 < ri\ — n 2 + 1 (3.50) 

and 

has exactly two singular vectors if t\ + t 2 > n i — n 2 + 1. (3.51) 
In the case ni + 1 < n 2 = n, B^^ 2 ) = if £ 2 < 0, and for £1 G Z, £ 2 G N, 

%{i lt i 2 ) n as a unique singular vector if £ ± > ni — n + 2 or £ ± + £ 2 < ni — n + 1. (3.52) 

H^fc+i) has exactly two singular vector if and ni — n + 1 — £ 2 < £1 < ni — n + 1. (3.53) 
Observe that the symmetric bilinear form (-|-) on B is determined by 

(zVV 1 / 1 ) = 5 a , ai 5 Ml (-l)^ a ^"^^ a \(3\ for a, A G N n . (3.54) 



When ni + 1 < n 2 < n, Lemma 2.3 tells us that %{t, u t, 2 ) for £i,£ 2 G Z is an irreducible 
summand of Be u e 2 if and only if t\ + £ 2 < n\ — n 2 + 1. It can be verified that 

(©(xV)!^ 1 / 1 ) = (x a y%(x ai y Pl )). (3.55) 

Recall that f^fo) e ^{hM) ls a singular vector in (3.42) and (3.43). Thus 

(Ma>I/(«iA>)^0 ( 3 - 56 ) 

and 

(M,* 2 >l/<^>) = if (€i,€ 2 ) ^ (44)- (3.57) 

Recall s/(n, F) + in (2.30) and let sl(n, F)_ = Yli<i<j<n ^ e the subalgebra spanned by 
the negative root vectors. Moreover, (s/(n, F)_)' = s/(n,F) + . According to (3.7)-(3. 11), 
B is nilpotent with respect to sl{n, F) + . Thus all H^ifa) with ^ + £ 2 < ™i — ^2 + 1 are 
irreducible s/(n, F)-sub modules by Lemma 2.3 and (3.50), and so are ^ r " , (^^ 1 / 2 >) f° r an y 
meNby (3.5). 

We extend the transpose to an algebraic anti-isomorphism on U(sl(n,¥)) by 1* = 1 
and 

{A 1 A 2 ■ ■ ■ A r y = A\ ■ ■ ■ A\A\ for A { G sl(n, ¥). (3.58) 
By the irreducibility, 

H {ei , e2) = U(sl(n,W)_)(f {ei/2) ) if £ 1 + £ 2 <n 1 -n 2 + l. (3.59) 

Let £ u £ 2 , £[, i' 2 G Z such that £1 + £ 2 , £[ + £' 2 <n 1 -n 2 + l and (£ u l 2 ) ^ (£[, Q. Then 

(w(fa*))\faA)) = (/«iA>k'(/«^>)) = for w G tf( S J(n,F)_)aJ(n,F)_ (3.60) 

by Lemma 2.2. Since /<^ 2 ) is a weight vector, we have U(H)(f^ u g 2 )) C ¥f{e 1; e 2 ) (cf. 
(2.29)). Thus for any w 1; w 2 € f/(s/(n, F)_), 

(wi(M,^>)hi(M/ 2 >)) = (w2^i(/<^2>)l/<^' 2 >) = c(f {ei/2} ) \f(e lt e 2 )) (3.61) 
for some c G F by (3.60). Hence (3.59) implies 

{U {llM) \U M) ) = {U}. (3.62) 
For / G r H.(i x ,i 2 )i g £ B and to, mi G N such that to < m 1; we find 

m—1 

(^(/)l^ m K^)) = (^ mi ^ m (/)l^) = ^ 1 ,mm![n(^i + 4 + n 2 -n 1 +r)](/|^) (3.63) 

r=0 

by (3.44) and (3.55). In particular, the singular vectors f] ni ~ n2+1 ~ ri ~ r2 {f{r 1 ,r 2 )) f° r r i) r 2 G 
Z with r\ + r 2 < ni — n 2 are isotropic polynomials. Moreover, for to, mi G N and 
£ u £ 2 , V 2 G Z such that £1 + £ 2 , £[ + 1' 2 < n x - n 2 + 1, 

(iT(W<ft A ))|ir(«<4,4>)) = W if K^i) ^ Wi^'i) (3-64) 
by (3.62) and (3.63). On the other hand, 

m—1 

(f(/(^))ll m (MA))) =^[II^ + ^ + n2-n 1 +r)](/ (<lA> |/ </lA> ) ^0 (3.65) 

r=0 



by (3.63). Since the radical of (-|-) on vT'i'H^,^)) ls a proper submodule by Lemma 2.2, 
the irreducibility of 77 m ('H^i,4 2 }) implies that 

(•|-) is nondegenerate rewtricted to r\ m {Ji^^ 2 )). (3.66) 
Fix £ x , f 2 6Z with £ 1 +£ 2 <n 1 -n 2 + l. Set 

oo 

%A) = ^ V m (T-L{e 1 -m,e 2 -m))- (3.67) 

m=0 

By (3.64) and (3.66), the above sum is a direct sum and (-|-) is nondegenerate restricted 
to B(£ lt e 2 y Hence 

%ai = %ai © (%,< 2 > n %ia>)- ( 3 - 68 ) 

If P ^(e 1 ,e 2 ) 7^ {0}) then it contains a singular vector, which must be of the 

form fj mi (f{e 1 -. mi / 2 ~ mi )) for some mi G N by (3.36). This contradicts (3.65). Thus 
HiA) n%,&> = {°}' equivalents 

oo 

%A> = 0^ m («<<i-mA-m>) (3-69) 

m=0 

is completely reducible. Applying (3.69) to B^-i^-i), we have 

= fi{tiA) © if 4 + 4 < ™i - ™2 + 1. (3.70) 

Assume ni + 1 < n 2 = n. For £i G Z and £ 2 £ N such that £i > rii — n + 2 or £i + £ 2 < 
ni — n + all 'He 1 / 2 are irreducible submodules of £>^ 2 by Lemma 2.3, (3.52) and (3.54). 
When £ x + 4 < m - n 2 + 1, (3.64), (3.66), (3.69) and (3.70) also hold by the same 
arguments as in the above. In summary, we have: 

Theorem 3.1. Suppose rii + 1 <n 2 . For £i, i 2 G Z wjt/i £i + £ 2 < ^i — ^2 + 1 , ^i^M 
is an irreducible highest-weight si (n, F) -module and 

00 

%A>=0»7 m (^ 1 -m A -m>) (3.71) 
m=0 

is an orthogonal decomposition of irreducible submodules. In particular, B{i x ,i 2 ) = H{e lt e 2 )® 
77(^(^-1^2-1)) . T/ie symmetric bilinear form (-|-) restricted to r/ m ('H^ 1 _ m ^ 2 _ m )) zs non- 
dengerate. If n 2 < n, all H(e lt e 2 ) for £i,£ 2 G Z wift £1 + £ 2 > ^1 — ^2 + 1 /ioue exactly two 
singular vectors. 

Assume n 2 = n. Then B(e,o) = H{t,o) with £ G Z are irreducible highest-weight sl(n, ¥)- 
modules. All 'H(e 1 ,e 2 ) f or ^1 £ Z and £ 2 G N snc/i that £\ > n\ — n + 2 are a/so irreducible 
highest-weight sl{n, ¥)-modules. Moreover, for £ 2 G 1 + N and ni — n 2 + 1 + £ 2 < £1 G Z ; 
£/ie orthogonal decompositions in (3.71) also holds. Furthermore, / Hie 1 ,e 2 +i) for £1 G Z and 
£ 2 G N snc/i £/ia£ ni — n + ^ 2 < ^1 < ni — n + 1 have exactly two singular vectors. 

Indeed, we have more detailed information. Suppose n± + 1 < n 2 < n. For mi, m 2 G N 
with mi + m 2 > n 2 — ni — 1, K(_ mi _ m2 ) has a highest-weight vector x™ 1 y™ 2 +1 of weight 
mi\ ni -i - (mi + l)A ni - (m 2 + 1)A„ 2 + m 2 (l - 5 n2 , ri -i)A rV2+ i. When m x ,m 2 G N with 



m 2 — m i > n 2 — ni — 1, H( mi _ m2 ) has a highest-weight vector x™* +1 y™ 2 2 +1 of weight 
-(mi + l)A ni + miA ni+ i - (m 2 + 1)A„ 2 + m 2 (l - <5 n2 , n _i)A n2+ i. If m 1 ,m 2 G N with 
m! - m 2 > n 2 — rii — 1, r H(- mi , m2 ) is has a highest- weight vector x™ 1 ?/™ 2 of weight 
^iA ni _i - (mi + l)A ni + m 2 A„ 2 _! - (m 2 + l)A n2 . 

Assume rii + 1 < n 2 = n. When m 1 ,m 2 G N, "H( mi , m2 ) has a highest-weight vector 
x ni+iVn 2 °f weight -(mi + l)A ni + miA m+ i + m 2 \ n _ 1 . If m 1 ,m 2 G N with m l < n - 
n\ — 2 or m 2 — mi < rt\ — n + 1, "H(_ miim2 ) has a highest-weight vector x™^y™ 2 of weight 
"iiA ni _i - (mi + l)A ni + m 2 A n _i. 

By Lemma 2.1 with Ti = (9^ ,,ct , , , TT — f, > f, > andT 2 = V— d x „ +icL +i, 
T-L{e 1 ,e 2 ) h as a basis 

f ^ (x Bl+1 y Bl+1 )'(X> - d Xni+l d yni+l )\x^) 

{> i 1 «,p GN ; 

i=0 IL=1 + r ) (Au+1 + 

n m n 2 n 

s+Ai+i = °; 5^ a r-5^Q!i = ^i; J^A- X] A = 4}- ( 3 - 72 ) 

r=ni+l i=l i=l r=ri2+l 



Case £ ni + 1 = n 2 

In this case, £ = x m+ iy m+ i. First we consider the subcase n 2 < n. Suppose that 
/ G <2 is a singular vector. According to the arguments in (3.13)-(3.17), / is a rational 
function in 

{x ni ,x ni+ i,x ni+2 , y ni ,y ni+2 , (, Ci, (2}- (3.73) 

Moreover, (3.18) holds. Substituting (3.20) and y ni +i — x nl+iC m t° (3-18), we still get 
(3.22), which implies = 0. Symmetrically, fe 2 = 0. Hence we can rewrite / as a 
rational function in 

{x ni , x ni+ i, x ni+2 , y ni , y ni+ i, y ni+2 } . (3.74) 

Now / is a singular vector if and only if it is a weight vector satisfying the following 
system of differential equations 

(d Xni d Xni+1 - y ni +id yni )(f) = 0, (3.75) 

(x ni +id Xni+2 - d yni+1 d yni+2 )(f) = (3.76) 
by (3.8) and (3.10) with n 2 = m + 1. Note 

E ni , ni +2\Q = [-E'ni.ni+llQ, -E'ni+l,ni+2|Q] = 9 Xni d Xni+2 - 0y ni dy ni+2 (3.77) 

by (3.8) and (3.10) with n 2 = n\ + 1. So 

(d Xni d Xni+2 -d yni d yni+2 )(f) = 0. (3.78) 

For our purpose of representation, we only consider / is a polynomial in {xi,yi \ % = 
n\,n\ + 1, rii + 2}. Set 



(y ni d Xni + ^ 1+2 ^ 1+2 ) m2 « 1+m2 C 3 +2 ) (3-79) 



and 



t^U ' (mi + i)! 

m 2 \ (rm + m 2 )!xj li Cr l (^i+2^„ 1+2 ) mi+J (C 1 + + 2 m3 ) 



V™2 - I J 



=0 

m2 



= E 



(mi + i)! 

K + m 2 )!(y ni ^„J m - l (x^)(a;„ 1+2 ^„ 1+2 )^ +l (<V + 2 m3 ) 



(m 2 -i)!(mi +i)! 

y K + m 2 )!(y wl ^„J f (x^)(x Wl+2 ^ Wl+2 )^ + ^- f (y^ + r 8 ) 
^—^ r!(mi+m 2 - r)! 

r=0 v ' 

= (yn 1 ^ ni +x„ 1+2 ^ i+ J- +m2 (x™>- + + 2 m3 ). (3.80) 



By Lemma 2.1 with 7\ = d, ni ^„ 1+2 , Tf = J^, (cf. (2.6)) and T 2 = 

the polynomial solution space of (3.78) is 



1+25 



Span{0 mi , m2)m 3< 4 +1 < 5 + i ; VWi™< 4 + i< 5 + i I m i e N}. (3.81) 

Note 

mi , m2lO < 3 +1 C 4 + i = []I( mi + «CC + iC + i for ^ e N ( 3 - 82 ) 

and 

CiCii 3 ,o« = + 0]<Vi&< 3 +22C +2 for m, G N. (3.83) 

In particular, all the polynomials in (3.83) are solutions of the equation (3.75). Now 

ni n 

+ Zni+lVni+l "+ X) *A- (3.84) 

i=l s=rai+2 

Write 

(mi + m 2 )! ^ ^ l x™ l 1 +/|/™ 3 4 f i J (9* ni (?/™ 2 ) 



= (m 2 \ (mi + m^x^^g-' 

(mi + i)! 

^ \ m 2 — V (mi + i)! 

= (mi + m,)!^^^^-^^)^^! 
■~ (jn2 — i)\(mi + i)\ 

= V mi+m2 «X+r) (3-85) 



and calculate 



'/ \ x ni jVm+i — '/ \ x ni Vm+i) 

ni2 / \ rri2—i 

= E u! [ n k + * + ok 2 - ! c + x 1+ i?/S 

, =o \m 2 ij r=i 

m2 /™ \ \Y\ m2 (m, -J- r \\»,™,-i-i„mi+i~.i „.m 3 +i 



= E 



m 2 \ ^(mi + r)]ffr'CX + iCi 

/ rE=i("»i+a) 



i=0 

n*2 rai mi+irJ, „, m 3+*,CM 



= [[[(m 1+ r)]^ — — — . (3.86) 

Lemma 2.1 with 7\ = d Xni d Xni+1 , T~ = f {Xni) f (Xni+l) (cf. (2.6)) and T 2 = -y ni+1 d Vni 
tells us that Span{/i mi m2im3 , ?7 m2 (a;™ 1+Tra2 )?/™ 3 +1 | m 8 e N} is the solution space of (3.75) 
in Sp&n{x™^ y^x^^y™^ | rrii G N}. In particular, (3.85) and (3.86) can be viewed as 
algorithms of solving the equation (3.75). 
On the other hand, 

d Xni (0O,m 2 ,m 3 ) — m 2V , l,m 2 ,m3-l! (3.87) 
m 1 ,m 2 ,m 3 ) — ipi\ + ™2)^mi-l,m 2 ,m 3 if mi > 0, (3.88) 

dx ni {i ) m 1 ,m 2 ,m 3 ) — 'm2'4>m 1 +l,m2-l,m 3 -l, (3.89) 
(0mi,m 2) m 3 ) = ^2(^1 + W 2 )0 mi , m2 _i jm3 , (3.90) 
mi,m 2 ,m 3 

) = m 2 (mi + m 2 )^m um2 -i, m3 . (3.91) 

Applying the algorithm (3.85) to (3.81), we get that 4> mi ,m 2 ,m 3 yn+i and ^mi,m 2 ,m 3 2C+i are 
the solutions of (3.75) by (3.87)-(3.91), where 

^mi,m 2 ,m 3 = ^ I . j 0mi+i,m 2 -j,m 3 ( x n\ +1^711+1 ) = ?7 2 ( a 'ni 1+ 2 2/ni+2)? (3.92) 
i=0 V % J 



7 - \" ( mi + m A / c v 

Ymi,m2,m 3 / I • I Ym\ — i,m2,m 3 +i\%ni+iyni+l) 

»=o V 2 ' 

m 2 / . \ 

/ , I I < Pm2— r,r,mi+m 3 {^ni+lVni+l ) 

z — ' \ mi + r J 



r=l 

Using the algorithm (3.86), we find that the solution space of (3.75) in (3.81) is 

Cinflnl-r" 11 n m2 -r m ' A n mi d> n mi h 

opciii^x ni+1 (/ ni+1 x ni _|_ 2 (/ ni _|_ 2 , S y mi,m 2 ,m 3 y rai +l) > b m\,m2,m 3 -i 

^ mi+ i, m2+1 , m3 C 1 4 +i I m e N}. (3.94) 

According to (3.84), (3.92) and (3.93), 

^n 1 + 2 ( < / , mi,m 2 ,m 3 ) = m 2 m 3 ( j ) rn 1 ,m,2-l,m, 3 ~lj (3.95) 

^j/ ni +l (0mi,m 2 ,m 3 ) m 2^rti+10mi,ra 2 — l,m 3 ? (3.96) 
dy ni+ 2(4 > m 1 ,m2,m 3 ) = " m 30mi,m 2 ,m 3 -l ) (3.97) 



Put 



9: 



mi,m,2,mz 



d Xni+2 (ip mi , m2 ,m 3 ) = {mi + m 2 )(m 1 + m 3 )^ mi _ lim2im3 , (3.98) 

+ i (V'mi, 7712,^13) = ( m l + m 2)x ni +li J m 1 ~l,m 2 ,m 3 +l, (3.99) 
9 J/n 1+ 2(^m 1 ,m 2 ,m 3 ) = (™1 + "O^mi.ma.ms-l- (3.100) 



/ s, oo i ,.mi+t m 3 +ixi I m 2 \ 

(mi + m 2 )! yr i i+2yn 1 +l a; ni+l a z ni+ 2l a; n 1 +2J 

f^lfeCT 1 ) (3-101) 



and 



9mi,m2,m 3 ^ ] 



x [nr= 2 i(^i + *)ic^ 1+ iC-S^ 1+a 



^ ! Ilr=l( m l + r ) 



Symmetrically, Span{# miim2)m3 , ^ 1>m2iTOS m ; G N} is the solution space of (3.76) in 
Span{<Vi< 2 + i< 3 +2 < 4 +2 I m G N} by Lemma 2.1 with 7\ = d Vni+1 dy ni+2 , Tf = 
4„ 1+2 ) ( cf - ( 2 - 6 )) and T 2 = - x m+id Xni+2 . Observe that {0 

mi ,m,2 ,m3 ? VVm ,012 ,013 5 

h mijm2! m 3 I Tfii G N} are solutions of (3.76). Thus the solution space of (3.76) in (3.94) is 
Span-fg 

mi ,7712 ,m 3 ? ff mi ,7712 ,m 3 ' ^mi ,m 2 ,m 3 5 0m i ,m 2 ,m 3 5 
^^.oC+l'^i+l.mj+l.ms | m; G N} (3.103) 

by (3.97) and (3.100). 

Expressions (3.85), (3.92), (3.93), (3.101) and (3.102) imply that the solution space of 
the singular vectors in B is 

c !nanlT) m2 fT lni ?i m ^ T- mi n 1712 r ,rn 1 +m2 ( m 2 m 3 - mi \ m 1 +m 2 ( m 2 m 3 -mn 

spanjr? {x { y j ),x ni+1 y ni+1 ,r) i^Hm+i J, 7 ? ^1+2^1+1 J 

| m r G N; (i, j) = (ni, n x + 1), (m, n x + 2), (m + 1, n x + 2)}. (3.104) 

Remind that in this case, 



ni 



i=l s=rti+2 

We have 

x>[»7 roi+ma WC+T 1 )] = K + ^ 2 )^3?7 mi+m2 " 1 « 2 C 1 3 + T 1 ) (3-106) 

by (3.44). Thus we find a singular 

f^(CG)e«M (3-107) 

of new type if mi,m 2 > 1. Symmetrically, ^ mi+m2 (y^+2^n 1 r +i) e ^<m 2 ,mi> is a singular 
vector. 

Recall the singular vectors 

/(-mi,-m 2 ) = X niVni+2 ^ ^(-mi,-m 2 )i f(-m 1 ,m 2 ) = X niVni+l ^ ^(-mi,m 2 ) j (3.108) 



IS 



/(mi,-m 2 > — X ni+lVni+2 ^ H(m 1 ,-m 2 )- (3.109) 

Moreover, we have the singular vectors 

v- ei - e2 (f M) )en { - h ,- ei) for ^,^eZwith^ + ^<-l. (3.110) 
Therefore, any singular vector in "H (cf. (3.38)) is a nonzero weight vector in 

I ei,e 2 ,£' 1 ,£' 2 e Z, mi,m 2 G N+l;li < 0orf 2 < 0; ^ + £' 2 < -1}. (3.111) 
Assume n 2 = m We similarly find that the solution space of the singular vectors in B 

Spaii^iCiyD.Cyr.r^lOr" 11 ) I ™< e n}. (3.H2) 

In particular, any singular vector in % (cf. (3.38)) is a nonzero weight vector in 

5pan|x n _ 1 y n ,x n ,77 l^n-i V n J> 

^1+^+2^^+1^1-1) | mi>m2 e N }. (3.H3) 

By the arguments of (3.55)-(3.70), we have: 

Theorem 3.2. Suppose n\ + 1 = n 2 . For £1,^2 € Z li + f 2 <0 orn 2 = n and 
< £ 2 < H^ifa) is an irreducible highest-weight sl(n,¥)-module and 

00 

%A> = 0»7 m («<<i-mA-m>) (3.H4) 

m=0 

zs an orthogonal decomposition of irreducible submodules. In particular, B^^) — 
?7(B^ 1 _i^ 2 _i)). Tae symmetric bilinear form (-|-) restricted to T] m ( / H^ 1 - mi g 2 - m )) is nonde- 
generate. 

Assume n 2 < n. For mi,m 2 eN+1, "H(mi,m 2 > nas exactly three singular vectors. All 
the submodules H^t 2 ) for £±,£2 G Z sncn £1 + £2 > and £i£ 2 < nave too singular 
vectors. Consider n 2 = n. For m 1 ,m 2 G N wit/i mi < m 2 , T-L{ mi , m2 ) is also an irreducible 
highest-weight si (n, F) -module. All submodules H(_ mi , mi+m2+ i) wraia mi,m 2 G N aai>e 
aai>e exactly two singular vectors. 

Indeed, we have more detailed information. Suppose n 2 < n. For m 1) m 2 G N, 
- H(-m 1 ,-m 2 ) nas a highest-weight vector x™J-y™ 2 +2 of weight miA ni _i - (mi + l)A ni - (m 2 + 
l)A ni+ i + m 2 (l - 6 nun - 2 )Ki+2- When mi,m 2 G N with m 2 - m 1 > 0, %< mi _ m2 ) has a 
highest-weight vector x^ +1 y^ +2 of weight -(mi + l)A ni + (m x - m 2 - l)A ni+ i + m 2 (l - 
5m,n-2)A ni +2. If mi,m 2 G N with mi — m 2 > 0, r H.{- mx , m2 ) is has a highest-weight vector 
x^yZ+i of wei g h t ™iA m -i + (m 2 - mi - l)A ni - (m 2 + l)A m+ i. 

Assume n2 = n. For mi, m 2 G N with m 2 < mi, H{- mi , m2 ) has a highest-weight vector 
^C-i?/™ 2 °f weight mi\ n ^2 + (m 2 — m x — l)A n _i. Moreover, H( m ,o) has a highest-weight 
vector x™_i of weight mA„_ 2 — (m + l)A n _i for m G Z. For mi, m 2 eN+1, T-L{ mi;m2 ) has 
a highest-weight vector r) mi+m2 (x^^y^ 1711 ) of weight m 2 A n _ 2 + (mi — m 2 — l)A n _i. Again 
%(t 1 jt 2 ) has a basis of the form (3.72). 



4 The sl(n, ¥)- Variation II: n\ = 

In this section, we continue the discussion from last section. Recall n > 2. 
Case 3. rii = n 2 . 

In this case, the variated Laplace operator 

ni n 

v = -Y t x i d Vi - v> 9 *. (4.i) 

i=l s=rti+l 

and its dual 

ni n 
i=l s=n2+l 

First we consider the subcase 1 <ri\ < n— 1. Suppose that / € Q is a singular vector. 
According to the arguments in (3.13)-(3.17), / is a rational function in 

{x ni , x ni+1 , y ni ,y ni +i, (1,(2} (4.3) 

(cf. (3.12)). Note 

E ni , ni +i\Q = d Xni d Xni+1 - dy ni dy ni+1 (4.4) 
by (3.1)-(3.3). Now E ni>ni+1 (f) = implies 

(d Xni d Xni+1 -d yni d yni+1 )(f) = 0, (4.5) 

equivalently, 

{ x n 1 -l x m+2 ~~ yni-lZ/ni+2)/ciC2 ~~ Un 1 -lfcix ni + 1 ~ x n 1 -lfciy ni +i 

~\~Un 1 +2fc,2X ni + X n 1 +2fc2Vn 1 + fx ni x ni+ i ~~ fy ni y ni +i = 0- (4-6) 

According to (3.12), 

2/m-i = a^Vi^m-i - ar^Ci, yn 1+ 2 = ^+1(2 + a; T ; i 1 + iyn 1 +ia;„ 1 +2- (4.7) 
Substituting (4.7) into (4.6), the coefficient of x ni -iX m+ 2 implies f^ 2 = 0. Thus 

f = g + h with g C2 = h Cl = 0. (4.8) 

Now (4.6) becomes 

X ni Cl9Cix ni+ i ~ ( X ni yni9(ix ni+1 + 9(iy„ 1 + i) x n 1 -l + (^m+lS/rai+l^Xnj + h(2yn 1 ) X n 1 +2 
~\~ X m+lC2h( 2 x ni + 9x ni x„ 1+ i ~ 9y ni y ni +i + ^En^nj + i — ^'S/n 1 S/n 1 +l = 0' (4-9) 

which implies 

X n^yni9Cix ni+ i + ^Cil/m+i = °> ^+1 ^1+1^2^ + hiyn, = 0- (4.10) 

For the representation purpose, we assume that g is polynomial in d with g\^ 1= o = 
and h is polynomial in £ 2 - Set 

C3 = a: ni j/ ni+ i - x ni+1 y ni . (4.11) 



By (4.10), 

g is a function in x ni ,y ni ,(i,(3- (4-12) 

Moreover, (4.9) says 

-^ViG^fiCa - Vmgxn^s - x ni g yni c 3 = 0. (4.13) 

Again we can assume that g = g + g is polynomial in x ni ,y ni ,(3 with g\( :i =o = and 
g^ 3 = 0. Then (4.13) is equivalent to 

VmCiki + x n 1 y ni gx ni + x 2 ni g yni = o. (4.14) 

This shows that g is a function in (i/x ni , x 2 n ^ —y\ v C,z- If g is a polynomial, then g — 0. So 
the polynomial solution of g must be a polynomial in x ni ,y n , 2 , Ci with g^ ^ 0. Similarly, if 
h^ 2 7^ and /i|^ 2 =o = 0, the polynomial solution of h must be a polynomial in x n+ i, y n +i, (2- 
Assume h^ 2 =0. Then 

h Xni x„ 1+1 — h,y ni y ni +i = (4-15) 

by (4.9). 

By Lemma 2.1, (3.78)-(3.80) and (4.2), the polynomial solution of h must be in 

Span^^C+i) I m 1 ,m 2 ,m 3 G N}. (4.16) 
Therefore, a singular vector in B must be a nonzero weight vector in 

Span{< 1 C/Cr + \<ViC 2 + iC 2 m3+1 ^ m3 (< 1 yn 1 2 + i) I ^ e N}. (4.17) 



Note 



mi m 2 Am 3 + l c » ^ io\ 

"^m i/ni SI c u (-mi-m3-l,m2+m3+l)j l^- lc 7 



X 



+l2/ni+lC 2 3+ ^ ^(mi+m3+l,-m2-m 3 -l)' (4.19) 



Moreover, 



and 



z>«wcr +1 ) = -m 2 < i+i cr 1 cr +1 = o <=► m 2 = o (4.20) 



^«ViC 2 + iC 2 m3+1 ) = ^iC/CYc™ 3 ' 1 = <=► mi = (4.21) 

by (3.12) and (4.1). Furthermore, 



i 3 +l _ V V^ni SI J mi m2 /-m 3 +l 7 Wti+1 S2 / 



by (4.2). Indeed, 

f'^K'CD = ^ mi+1 (C + iC 2 m2 ) = for m 1? m 2 G N. (4.22) 

Since x^y^ 2 +1 G "H(_ mii _ m2 ), (3.45) says that ^(a^y^+i) with m > is a singular 
vector only if m — mi + m 2 + 1. But ^ mi+m2+1 (a:™ 1 ?/™ 2 +1 ) = by (4.2). Thus any singular 
vector in "H (cf. (3.38)) is a nonzero weight vector in 

Span{<iCr + \ CViC 2 m2+1 , aClC+i I ™i. ™2 G N}. (4.23) 



Since B is nilpotent with respect to sl(n, F)+ (cf. (2.30)), any nonzero submodule of B has 
a singular vector. The above fact implies Haifa) = {0} for 4,f 2 eZ such that £\ + £ 2 > 0. 
Observe that 



{x mi C,™ 12 1 x mi C" 12 ) 

= (E ? (-W-w^uri E ? (-^cwur) 

i=0 v ? y i=0 v * y 

i=0 ^ ? ' 

by (3.55). Similarly (C+iCT IC 1 ^") ^ 0. 

Next we assume n\—n 2 — \ and n > 3. By the arguments in the above, a singular 
vector in B must be a nonzero weight vector in 

Span{<ViC + iC 2 m3+1 ^ m3 « 1 C 1 2 + i) I G N}. (4.25) 
Thus any singular vector in TL (cf. (3.38)) is a nonzero weight vector in 

Span{^ +1 Cr +1 , I rm, ma G N}. (4.26) 

The above fact implies Haifa) = {0} f° r ^1^2 G Z such that £1 + £ 2 > ot £ 2 > 0. 

Consider the subcase 77,1 = 77,2 = 77 — 1 and n > 3. A singular vector in B must be a 
nonzero weight vector in 

Span{< 1 C i 2 Cr +1 ^ m3 « 1 C 1 2 + i) I "»* G N}. (4.27) 
Thus any singular vector in H (cf. (3.38)) is a nonzero weight vector in 

Spanker + \ C/C+i I m 1 ,m 2 E N}. (4.28) 

The above fact implies tiuifa) = {0} f° r ^1? ^2 G Z such that £1 + £2 > or £\ > 0. 

Suppose i%i = n 2 = 1 and n = 2. A singular vector in B must be a nonzero weight 
vector in 

Span{77 m3 « 1 y 2 712 ) | m, G N}. (4.29) 
Thus any singular vector in "H (cf. (3.38)) is a nonzero weight vector in 

Spanjrr™ 1 ^ 2 | m l ,m 2 G N}. (4.30) 

The above fact implies Huifa) = {0} f° r ^1^2 G Z such that £\ > or £ 2 > 0. 

Finally, we assume n\ = n 2 = n. A singular vector in B must be a nonzero weight 
vector in 

SpanKWCr I m, G N}. (4.31) 
Thus any singular vector in H (cf. (3.38)) is a nonzero weight vector in 

Span^Cr I m 1 ,m 2 G N}. (4.32) 

The above fact implies H^ifa) = {0} for £i,£ 2 G Z such that £ 1 + £ 2 > 0. Indeed, all 
B{- mi ,m 2 ) with mi,m2 G N are finite-dimensional and completely reducible by Weyl's 



Theorem of complete reducibility. Moreover, their irreducible summands are completely 
determined by (4.31). 

By the arguments of (3.55)-(3.70), we obtain: 

Theorem 4.1. Suppose ri\ = n 2 . Let £±,£2 G Z such that £ 2 > when n\ — n. 
Assume £\ + £2 < and: (a) £ 2 < if ni — 1 and n > 3; (b) £\ < if n\ = n — 1 and 
n > 3; (c) £1, £2 < wnen ni = 1 and n = 2. Taen T-L{e 1; e 2 ) is an irreducible highest-weight 
si (n, F) -module and 

00 

%A> = 0^ m (^i-^ 2 ->) ( 4 -33) 

m=0 

an orthogonal decomposition of irreducible submodules. The symmetric bilinear form 
restricted to n m ('H^ 1 _ m ^ 2 _ m )). In particular, B( iu e 2 ) = U(e u e 2 ) © r](B ^-1^-1)) ■ If the 
conditions fails, H^^) = {0}. When n\ = n 2 = n, all the above irreducible modules are 
of finite- dimensional. 

Suppose ni < n — 1. Let mi,m 2 G N. The subspace 7i(- mi ,- m2 ) has a highest- 
weight vector x™ 1 n™ 2 +1 of weight m^l - <$i, ni )A m _i - (mi + m 2 + 2)A ni + m 2 \ ni +i- If 
ni > 2, the subspace V,{- mi ^ m2 -i,m 2 +i} has a highest- weight vector x^C™^ 1 of weight 
(m 2 + l)A ni _2-miA ni _i-(rai+m 2 +3)A ni . The subspace %< mi +i ,- mj -mi-i) has a highest- 
weight vector y^ 2 +1 Cr i+1 of weight -(mi+m2+3)A ni +m 2 A ni+ i-(mi+l)(l-5 niin _ 2 )A ni+ 2. 

Consider ri\ — n — \. The subspace "H(_ mii _ m2 ) has a highest- weight vector x^y^ +1 
of weight mi(l -5 ni2 )A n _ 2 - (mi + m 2 + 2)A n _i. If n > 3, the subspace H(- mi -m2-i,m 2 +i) 
has a highest-weight vector a;™ 1 ^™^ 1 of weight (m 2 + 1)(1 — o" ni3 )A n _ 3 — m 1 \ n _2 — (mi + 
m 2 + 3)A n _i. 

Assume rt\ = n. The subspace "H(_ mi _ m2jm2 ) has a highest-weight vector x™ 1 ^™ 2 °f 
weight m 2 (l - <5 n>2 )A n _ 2 + miA n _i. 

Now we want to find an explicit expression for H^^) when it is irreducible. Set 

n\ n 

^' = EE ¥E ^ ( 4 - 34 ) 

i=l j=ni+l 

ni n 

r,s£l,ni Or r,s&n\+l,n;r^s * = 1 i =n i+l 

Then and Q are Lie subalgebras of sl(n, F) and s/(n, F) = Q' © By PB W Theorem, 
E/(sZ(ra,F)) = U(Q')U(g). According to (1.6)-(1.8), 

E r ,s\t3 = -x s d Xr - y s d Vr , E P;q \ B = x p d Xq + y p d Vq , (4.36) 

E r , P \t3 = d Xr d Xp - dy r d yp , E Pjr \ B = -x r x p + y r y p (4.37) 
for r, s G 1, n\ and p, q G rt\ + 1, n. 



First we assume ri\ < n. For m 1 ,m 2 G N, we have 

n { - mi ,- m2) = u(si(nM(^yZ\i) = u(G')u(Q)(xX + i) 

ni n—ni ni n—ni 

= S P an{[f]^][ JJ Z/^+JfJJ II ( X r X m+s - yrVn 1+ s) lr ' S ] 
r=l s=l r=l s=l 

ni n—ni 

| l r , k s , l r>s £N;^I r = mi; ^ k s = m 2 } (4.38) 

r=l s=l 

by (4.36) and (4.37). Furthermore, we assume n\ > 1. We let 

rL {—mi—m2,rri2) 

ni m n—ni 

= Span{ [ JJ x|r] [ JJ (x p y g - x q y p ) k ™\ [ JJ JJ (x r x ni+a - ?/ r y ni+s )H 

r=l l<p<g<ni r=l s=l 

ni 

I l r ,k P:q ,l r:S e N;J^Z r = mi; k Piq = m 2 }. (4.39) 

r=l l<p<g<ni 

By (3.38), (3.40) and (4.1), we have H' { _ mi _ m2;rn2) C H { - mi -m 2 ,m 2 ). Moreover, (4.37) and 
(4.38) yield 

n { -„ 2 , m2) = U(8l(n,V))W?(r) = U{G')U{Q){x2tr) C n\_ mi _ m2 ^ y (4.40) 
Thus H' { _ mi _ m2 m2) = %<- mi - m2 , m2 ). Symmetrically, if m = n 2 < n - 1, 

711 1 

^(ma.-mi-ma) = Span{[ JJ (x p ?/ g - X q y p ) k ™\ [JJ JJ (x r X s - Vr-Vs)^] 

ni+l<p<q<n r=l s=ni+l 

n-jii rai 

x [ II ^1+-] I Z " e N; Z r = mi; ^ fcp,, = m 2 }. (4.41) 

r=l r=l ni + l<p<<;<n 

When n\ = n 2 = n, by the arguments between (4.39) and(4.40), 

n 

U { - mi - m2im2) = Span{[JJxjr][ JJ (x p |/ g - a;g|/p) fcp ' 9 ] 

n 

| l r ,k p , q e N-,y^J r = mi; k p>q = m 2 }, (4.42) 

r=l 1<P<<Z<™ 

which is of finite-dimensional. 

5 The o(2n, F)- Variation 

Recall that £> = F[xi, ... : x n: y 1: ...,y n ] and the representation of o(2n, F) on i5 defined by 
(1.14)- (1.16). It is easy to verify 

T£ = £TonB for f G o(2ra, F); T = b, V, V, r] (5.1) 

by (1.9), (1.10), (2.13) and (3.4). Recall the notions B {k) and U {k) defined in (1.17). The 
B = feeZ B(k) forms a Z-graded algebra and 

«W= ««iA>- (5.2) 

<i,^ 2 6Z;-«i+-«2=fc 



Moreover, B^) and H(k) are o(2n, F)-submodules. Recall /C = Ylij=i ~ En+j,n+i)- 

Theorem 5.1. For any n x — n 2 + 1 — S ni>n2 > k G Z ; "H^) is an irreducible o(2n, F)- 
submodule and 

oo 

B<fc> = 0^(W<*-«>) (5-3) 

is an orthogonal decomposition of irreducible submodules. In particular, B(k) = H{k) © 
v(B(k-2))- Moreover, the bilinear form (-|-) restricted to rf{l-L 1^-21)) is nondegenerate. 
Furthermore, T-L^) has a basis 

{> r ± ± «,p 6N ; 

i=0 rir=l(«ni+l + r )(/ 3 "i + l + r ) 

«i n n 2 n 

cv+iAu+i = °; - X! a * + ^ + ^ r = k } ( 5 - 4 ) 

i=l r=ni+l i=l r=n 2 +l 

w/ien rii < n 2 . The module 'H(k) under the assumption is of highest-weight type only if 
n 2 = n, in which case x~* is a highest-weight vector with weight — k\ ni -i + (k — l)A ni + 
[(k — l)5 nij „_i — 2k5 nitV \\ n . When n-y = n 2 = n, all the irreducible modules Wi^) with 
> k G Z are of (Q, K,)-type. 

Proof. Let ri\ — n 2 + 1 > k G Z. Note sZ(n, F)|g is a subalgebra of o(2n, F)|g. Suppose 
rii + 1 < n 2 < n. By (5.2), Theorem 3.1 and the paragraph below, the sl(n, F)-singular 
vectors in Ti^) are: f°r mi,m 2 G N, 

aCC+i with - K + ™a) = fc, (5.5) 
aC+iSC+i with mi - m 2 = fc, (5.6) 
< X C 2 2 wi th - mi + m 2 = k. (5.7) 



Note 



by (1.16). So 



(-E'n+n2+l,ni -^n+ni,n 2 + l) |,B ~ X n 1 dy n2 + 1 yn 1 d Xrl2 + 1 (5-8) 



(£ n+n2+ i, m - iW^+O™ OCC+i) = (-ir 2 m 2 !*- fc (5.9) 
for the vectors in (5.5). Moreover, 

(En+n 2 +l,ni+l ~ E n+ni+1>n2+1 ) \B = ^x„ 1+ i^j/„ 2+ i — (5.10) 

again by (1.16), which implies 



mi —l 



(E n+n2+1 , ni+1 - E n+ni+1 , n2+ i) m2 «ViC 2 2 + i) = II ( m2 - r )]y^+i (5-H) 



r=0 



for the vectors in (5.6). Furthermore, 

{E ni)n+n2 — E n2tn+ni ) |g = d Xn -fiy n2 ~ X n 2 9y ni (5-12) 



by (1.15), which implies 



m 2 — 1 

(E niin+n2 - ^r(«) = ^ 2 ![ II K - (5-13) 

r=0 

for the vectors in (5.7). 
On the other hand, 

(E ni , n +n 2 +i ~ E n2+ i, n+ni )\B = —y n2+ \d Xni — x n2+ idy ni (5-14) 
by (1.15), which implies 

m,2 — 1 

(E nun+n2+1 - E m+hn+ni r*(x^) = (-l)-[ n ("* - OK'Ci (5-15) 

for the vectors in (5.5). Moreover, 

(E ni+ i ;n+n2+ i — E n2+ i tn+ni+ i)\t3 = —x ni+ iy 1l2+ i — x n2+ id yni+1 (5.16) 
by (1.15), which implies 

(E ni+1 , n+ri2+1 — E n2+ljn+ni+1 ) m2 (y n2+1 ) = (—l) m2 x™*yn 2+ i (5-17) 
for the vectors in (5.6). Furthermore, 

i.E n _i_ n2 ni -£'71+711,712) |b •^"nxUni Vn\&Xn 2 (5.18) 

by (1.16), which implies 

(E n+n2 , ni - E n+nun2 r*(x^) = (-l) m2 xX (5-19) 

for the vectors in (5.7). Thus for any two vectors in (5.5)-(5.7), there exists an element in 
the universal enveloping algebra U(o(2n, ¥)) which carries one to another. On the other 
hand, the vectors in (5.5)-(5.7) have distinct weights (see the paragraph below Theorem 
3.1). Thus any nonzero submodule of H(k) must contain one of the vectors in (5.5)-(5.7). 
Hence all the vectors in (5.5)-(5.7) are in the submodule by (5.8)-(5.19). Therefore, the 
submodule must be equal to 'H(k), that is, H{k) is irreducible. By (5.16) and (5.18), %(k) 
is not of highest-weight type. The equation (5.3) follows from Theorem 3.1 and (5.2). 

Assume ri\ + 1 = n 2 < n. By Theorem 3.2 and the paragraph below, the sl(n, ¥)- 
singular vectors in H(k) are those in (5.5)-(5.7). So the theorem holds. Suppose n x < 
n 2 = n. By Theorems 3.1, 3.2 and the paragraph below them, the sl(n, F)-singular 
vectors in T-L(k) are those in (5.7). Expressions (5.13) and (5.19) imply the conclusions in 
the theorem. 

Recall 

Cl = x m-iyni ~ ^niZ/ni-1) C2 = ^n 2 +ll/n2+2 — %n 2 +2yn 2 - (5.20) 

In the case n\ — n 2 < n — 1, Theorem 4.1 tell us that the s/(n, F)-singular vectors in H(k) 
are those in (5.5) and 

z~ fe Cr +1 for m e N, (5.21) 



— k /-m+1 



Vm+iC. 



for m e N. 



(5.22) 



Again all the singular vectors have distinct weights. If N is a nonzero submodule of T-L(k), 
then N must contain one of the above sl(n, F)-singular vectors. If iV contains a singular 



vector in (5.5), then x fc E N by (5.9). Suppose £ fc C™ +1 G N for some m G N. Note 



(-Eni-l,n+ni ^ni,n+m— l) |s — ^x ni -idy ni dx ni d y „ l _ 1 



(5.22) 



by (1.15). Thus 



/p _ p \m+l/ -fc/-m+l\ 

^■ L/ ni— l,n+ni J - , n\,n-\-n\ — \) y"n\ ^1 / 



r=0 
'm+1 



s=0 
'm+1 



m + 1 



E( m r + j [(™ + l-H)] 2 r!iQ(-A: + *)] 

r=0 ^ ' i=l 



X 



ni 



(m+1 ✓ 
E 
r=0 ^ 



—A; + r 



(5.23) 



So we have x~ fc G A" again. Symmetrically, it holds if y^+iC™" 1 " 1 G AT for some m G N. 
Therefore, we always have x~ fc G A/". 

According to (5.15), A" contains all the singular vectors in (5.5). Observe 



(E, 



n+ni — l,m 



£'n+ni,ni-l)|B — Cl) (-^ni+2,ra+ni+l _ -£'n 1 +l,n+n 1 +2) |b — C2 



(5.24) 

(5.25) 
(5.26) 



as multiplication operators on 23 by (1.15) and (1.16). Thus 

(-E'n+ni-l,ni — -£/ n + nijni _i) + (x nj ) = X ni d + , 
(-Eni+2,n+n!+l ~ -Eni+l,n+m+2) m+1 (^ n f) = ^nfC™^ G A/". 

Thus A" contains all the sl(n, F)-singular vectors in H^), which implies that it contains 
all Ufafo) C "H(fc). So A^ = Ufa), that is, T-L^) is an irreducible o(2n, F)-module, which is 
of (£,/C)-type if n\ = n 2 = n by (5.2). The basis (5.4) is obtained by (3.72) and (5.2). 
□ 

Finally, we want to find an expression for 7i(k) for > k G Z when ri\ = n 2 . 
First we assume n\ — n 2 — 1 and n > 3. According to (4.26), (4.38) and (4.41) 



= s P an{[jj^i[ n (^-^^itn^-^^i'^n^ 

r=2 2<p<q<n 



s=2 



s=2 



x (Q^a^ - t/it/ s ) /a ] | Z, fc s , / s , Z, fc P) „ i s eN;l + J2 k s = J2 ^ r = ^ 



(5.27) 



s=2 



s=2 



r=2 



Next we consider the subcase 1 < n\ — n 2 < n — 1. By (4.23), (4.38), (4.39) (note 
^(- mi - m2 , m2 ) = ^(-m 1 -m 2 ,m 2 )) and (4.41), we have 

ni ni n 

= Span{[JJa#][ JJ (x p y q - x q y p ) k '™][Y[ JJ (x r x s - y r y s ) 1 '^}, 

r=l l<p<q<m r=l s=ni+l 

n—ni ni n 

[[iaji n (^-^p)H[ri n (w-yry,)^], 

r=l ni+l<p<<i , <n r=l s=ni + l 

ni n-ni ni n— n\ 

[JJ^V ][ JJ [JJ I I (^V+s — 2/r2/ni+s)' r ' S ] | ^r, ^r,s, ^> K,1> 

r=l s=l r=l s=l 

ni n—ni n\ n—n\ 

r=l s=l r=l r=l 

Consider the subcase ni = n 2 = n — 1 and n > 3. By (4.28), (4.38) and (4.39) (note 
n[_ mi _ m2tm2) = n { - mi - m2 , m2) ), we obtain 

n—1 n—1 n—1 

= Span{[JJx|f][ JJ (x p y q -x q y p ) k ^}[]J(x r x n -y r y n ) l ^[Y[x l ;}y^ 

r=l l<p<g<n— 1 r=l r=l 

n—1 n—1 n—1 

x [ l[(x r x n - y r y n f] | l r , k, 1, C, k' ptq , l' r eN;Y, l r + k = J2 C = ( 5 - 29 ) 

r=l r=l r=l 

Suppose ni — n 2 — 1 and n = 2. According to (4.30) and (4.38), 

"H(-fc) = Span{[^y|(xix 2 - y x y 2 ) 1 \ r, s, I G N; r + s = k}. (5.30) 
Finally we assume n x = n 2 = n. By (4.32) and (4.39) (note "H' ( „ mi „ m2im2> = "H<-„ tl _ m2 , m2 )), 

n n 

H ( _ fc ) = Span{ JJ xjr] [ JJ (x p y q - a;,^,)*™] | l r , k PiQ GN;J]l r = fc}, (5.31) 

r=l l<p<q<n r=l 

whose (Q, /C)-module structure is given by H{-k) = ©™ =0 H{-k-m,m) with U(-k-m,m) given 
in (4.42). 

6 The o(2n + 1, F)- Variation 

Recall 

n 

o(2n + 1,F) = o(2n,¥) © 0[F(£ O>1 - £„ +li0 ) + F(£ , n+l - £ ii0 )] (6.1) 

i=i 

and £' = F[x ,xi, ...,x n ,y u ...,y n ]. 

Fix ni,n 2 G l,n such that n\ < n 2 . The representation of o(2n + 1,F) on B' by 
the differential operators in (1.14)-(1.16), (1.19) and (1.20). Recall B' {k) = T,Zo B {k-i) x o- 
Then all B'^ with k G Z are o(2n + 1, F)-submodules and £>' = @kez&[k) f° rms a 
graded algebra. Moreover, the variated Laplace operator V = d 2 X0 + 2V by (1.21) and its 
dual rj' = x 2 + 2r] by (1.22). 



A straightforward verification shows 

V't = £&, = v'C on & for £ e o(2n + 1, F). (6.2) 



As in the introduction, ft' <fc) = {/ G | £>'(/) = 0}. According to (6.2), %' (fc) is an 

] 

and T 2 = 2D, we obtain 



o(2n + l,F)-submodule. By Lemma 2.1 with 7\ = d 2 XQ , Tf = (cf. (2.6) and (2.7)) 



" 11. (2i)! J (%)) ® I jL (2i + 1)! j (6 - 3) 



,i=0 

Recall K = J2i, j= i ¥ ( E i,j ~ E n+j,n+i)- 

Theorem 6.1. For any rt\ — 712 + 1 — S ni>n2 > k G Z, "H^ is an irreducible o(2n+l, F)- 
submodule and 

oo 

= ©WW*.*)) ( 6 - 4 ) 

an orthogonal decomposition of irreducible submodules. In particular, B'^ = "H^ © 
rf (B[k-2)) ■ Moreover, the bilinear form (-|-) restricted to (v'Y (7~t[k-2i)) ^ s nondegenerate. 
Furthermore, H(k) has a basis 

{ g (-2)W/) )a|/jeN „ ;i , 0|1; 

rai n ri2 n 

~J2 a i+ ar + J^Pi- Yl Pr = k-l}. (6.5) 

i=l r=ni+l i=l r=ri2+l 

The module H'^ under the assumption is of highest-weight type only if n 2 = n, in which 
case x~^ is a highest-weight vector with weight — A;A ni _i + (k — l)A m + [(k — l)5 nii „_i — 
2k5 nitn }\ n . When n\ = n 2 = n, all the irreducible modules T-L{k) with > k G Z are of 
(G,fC)-type. 

Proof. Observe that 



[X n X 



jVI^V 1 ) = 5 r , s 5 a , ai ^ A (-l) E "-^ +E ™ 2 + l/3 '-r!a!/3! (6.6) 
for r,seN and a, (3, a u fa G N n . By (1.21) and (1.22), 

(V'(f)\g) = (f\r ] '(g)) for f,geff. (6.7) 
Let m - n 2 + 1 > k G Z. First by (5.3) and (6.3), 



oo / oo 



(6.8) 

Let Af be a nonzero submodule of "H'^- By comparing weights and the arguments in 
(5.5)-(5.13) and (5.21)-(5.23), we have 

E h %-y Vt ) (^ mi fef +2mi )) e at (6.9) 



for some m 1 G N or 



£ ' (g +1)1 ) (" TO ^. t+2TO+1 )) 6 iV 

for some m 2 G N. 
Note 

(-E'ni,0 _ -E'o.n+ni) = d XQ d Xni — X dy ni 

by (1.19) and (1.20). Recall 



ni n 2 

v = - ^2xid yi + y d x r 9 yr - Y Vsdx ° 

i=l 

and 



r=n\+l s=n2+l 



V 

Then (3.44) gives 



Y Vi9 ^ + X rVr+ Y Xs9 y°- 

i=l r=rai+l s=n,2+l 



,i=0 



^ (i + 1KH + 2mQ(-2)»+^ +1 ^ (|yTOl _ 1(a ._ fc+ami _ 1)) 



,i=0 

oo 



,i=0 



, i=0 



x fx^ (-2)^+ 1 D' i 
^(- fe + 2^)(E l (2 - + l)! 



(^ mi ~ 1 fcf +2mi_1 )) 



+ mi (-k + 2m 1 )(m 1 - k + m - n 2 ) ( Y ( 2 i + 1)! ) ^' 



,i=0 



= mi(-fc + 2mi)(2mi - 2k + 2n x - 2n 2 + 1) 



x 



Moreover, 



(^ni,0 — E 

,n+ni , 



^ (2^ + 1)! I [V 1 ni 



. i=0 



= f £ tm 2 (-k + 2m 2 + l)(-2)'xfV-^ ^ (x - Mm)) 



-m 2 (-k + 2to 2 + 1) 1 (2i + l)! j (^"V^ 2 ™ 2 )) 
= (-fc + 2to 2 + 1) ^ ( " 2 ( y ) (^ 2 (^ +2m2 ))- (6-15) 



Note fc < by our assumption. Using (6.9), (6.10), (6.14), (6.15) and induction, we obtain 
a;"* G iV. 
Observe 



(^n+m,0 - £o,ni)k = + y ni d xo (6.16) 

by (1.19) and (1.20). Then 

(E n+nifi - E , ni ) m (x-*) = x™x~* +m + P m EN, (6.17) 

where the degree of P m with respect to xo is less than to. For any / G T-L{k-2m) and 
(? G T-L{k-2m-i) , (3.44) and (5.2) says that 



)w</» 



and 



V 2 ^ - r){m - fc + wi - n 2 + 1 + r) , 
= 2. (20! ' ^ (6 8) 



= f; 2 '^ +1 n '= i(m ~ r ( )(m ~ k y + "' ~ " 2 + 2 + r) :? "-'(j). (6.i9) 



i=0 



This shows that if x™ is the highest rco-power of a nonzero element in "H^, then its 
coefficient must be in T-L(k- m ) by (6.8). 
On the other hand, (6.17) implies that 



the coefficients of < in l/(o(2ra,F))[(£ n+nii0 - ^.mHOl = U {k - m) , (6.20) 

because it is an irreducible o(2n, F)-module by Theorem 5.1. By induction on to, we can 
prove 

oo 

%\ k) C £ C/(o(2n, F))[(£ n+ni , - E , ni r(x^)} C TV. (6.21) 

m=0 

Thus iV = This shows that ti'n^ is irreducible. Since the bilinear form (-|-) restricted 
to H(k) C fi'^) * s non degenerate, the irreducibility of H'^ implies that the symmetric 
bilinear form (-|-) restricted to "H^ is nondegenerate. 
Next want to prove 

{H[ k) \U\ kl) ) = {0} for m - n 2 + 1 - <J m , na > fc, fc' G Z such that fc ^ fc'. (6.22) 



For any / G H {k - 2 m) and /' G Up-M), (3.64). (5.2), (6.6) and (6.18) yield 

e^^F) ( " 2m(/))| (e /J;, j 

= ^ 7^\j[TT( m - - fc + wi - w 2 + 1 + s)] 

i=0 ^ ^' s=l 

i 

x[J](m' - s')K - fc' + m - n 2 + 1 + s')](^(/)l^ m '^(/)) 

s'=l 

= if (m,fc-2m) ^ (m',fc'-2m'). (6.23) 
Let <? G H(fe_2m-i) and g' G %{k'-2m'-i)- By (3.60). (5.2), (6.6) and (6.19), we have 



)2t 



= X] f2i + \S\ - s)(m - fc + rii - w 2 + 2 + s)] 

i=0 ^ s=l 

x[fl(m' - s')K - A;' + m - n 2 + 2 + sOK^^I^G/)) 

s'=l 

= if (m,k-2m- 1) ^ (m', fc' -2m'- 1). (6.24) 

Since (xq*|xq* +1 ) = for G N, the elements of the form (6.18) are orthogonal to those 
of the form (6.19). Hence (6.22) holds by (6.8). 
For g G W {k) and m G N + 1, 

V'[(vV(9)} = 2m[2(fc + n 2 - n x + m - 1) + l]^')" 1 " 1 ^) (6.25) 
by (3.44) and the facts V = <9^ o — 2V and its dual rj' = x\ + 2i]. This shows that 

((vV(n\ k) )\(vV\n' {k >))) = {0} if (m,k) ? (m',k') (6.26) 
for n\ — n 2 + 1 — 5 ni)W2 > k,k' e Z and m,m' G N by (6.7). Moreover, the symmetric 



bilinear form (-|-) restricted to {r)') m (H'i k C) is nondegenerate. 



Fix ni — n 2 + 1 — 5 nii n 2 > /c G Z. Denote 

oo 

= ©WW*-*)) ( 6 -27) 



i=0 



Then the symmetric bilinear form (-|-) restricted to B',^ is nondegenerate. Thus 

B\ k) =B' {k) ®{B\ k) )^{}B> {k) . ( 6 - 28 ) 

According to Lemma 3.2, (B'/ k \)~ L f] B'i k \ is an o(2n+l, F)-module. Assume (B', k x) ± f] B', k \ ^ 
{0}. By (5.2), (5.3), (5.8)-(5.13), (5.23) and (1.23), there exists a nonzero element in 
(%)) ± n^ fe) of the form: 

m 

f = J2^4 l (2v) m -\rt +2m ) (6.29) 



or 

m 

g = b^ + \2r 1 r-\x- k l +2m+1 ) (6.30) 

i=0 

for some m e N + 1. Moreover, we assume that the exponent of x ni is minimal. 
If (6.29) holds, then (6.11)) and (6.13) give 



(E nit0 - E 0tn+ni )(f) = (d xo d Xni - x d yni )(f) 

m 

2i(— A; + 2m)a i x 2 j~ 1 (2r 1 ) m - l (x; i k i +2m ~ 1 ) 



i=i 

m— 1 



- ^ 2(m - i)(-Jfe + 2m)a J ^+ 1 (2r7) m - i - 1 (x- fc+2m - 1 ) 



=o 

m— 1 

-fc+2m-l^ 

"ni 

i=0 



= 2 (-fc + 2m) + 1)0*+! - (m - t)a l }x 2 l+1 (2r ] ) m -^\x; 

i=0 

= (6.31) 
by the minimality of the exponent of x m , equivalently 



(i + l)aj+i — (m — i)di for % e 0, m — 1. (6.32) 

Thus 



So 



= Oo ^ • J for i £ 0, m. (6.33) 

/ = E°o (? )^(2»7) m - < fc* +am ) = ooWH*-*^) G #< fc> , (6.34) 
i=o V y 

which contradicts (6.28). 

Suppose that (6.30) holds. Note x x~ k+2m+1 E 'H' {k _ 2m) by (1.23). Expressions (6.11) 

and (6.13) deduce 

(E nu0 - E , n+ni )(g) = (d xo d Xni - x d yni )(g) 

m 

= J2( 2t + l )(~ k + 2m + l)^o'(2^) m ~ l fc 1 fc+2m ) 

i=0 
m— 1 

- J] 2(m - + 2m + l)6^ +2 (2r ? ) m - l - 1 (a;- fc+2m ) 

i=0 

m— 1 

= + 2m + 1){ J][(2i + 3)b l+1 - 2(m - i^x 2 ^ 2 {2 V ) rrM {x~ k+2rn ) 

i=0 

+6 (2r ? ) m (a;- i fc+2m )} =0 (6.35) 
by the minimality of the exponent of x ni , equivalently 



6 = 0, (2i + 3)6 i+ i = 2(m - i)b, forie0,m-l. (6.36) 



Thus 6j = for i e 0,m, that is, g = 0. This contradicts our choice of nonzero element. 
Hence {B' {k) )^ fl #< fe > = {0}- Then (6-28) gives (6.4). Furthermore, (6.5) is obtained by 
Lemma 3.1 with 7\ = <9 2 () , Tf = (cf. (2.6) and (2.7)) and T 2 = 2V. 



When rii = n 2 , an expression of H'^ can be obtained via (5.3), (5.27)-(5.31), (6.8), 
(6.18) and (6.19). In particular, when n\ = n 2 = n, the (Q, /C)-module structure is given 
by 



00 / 00 



«U = © I I -))) 



m,r=0 \ i=0 

00 / 00 ~\j^2j+lT)i 



® © I £ ' m+'nf (»'(«<-^-i-«)). (6.37) 

«,s=0 \i=0 ^ >' / 

where H(- mi - m2 , m2 ) given in (4.42). □ 

7 Noncanonical Representations of sj9(2n,F) 

In this section, we use the results in Sections 3 and 4 to study noncanonical polynomial 
representation of sp(2n, F). 

Recall the symplectic Lie algebra 

ra n 

sp{2n, F) = ^ F(£ij - E n+hn+i ) + ^(F£ iifl+i + ¥E n+iyi ) 

i,j=l i=l 

+ + E n+j,i) + ¥(E n+i j + E n+j:i )]. (7.1) 

l<i<jr<n 

Again we take the Cartan subalgebra H = Y^=i ^(-^M — E n+iin+i ) and the subspace 
spanned by positive root vectors 

n 

sp(2n, ¥)+ = ^ Ei ^ - E n+j,n+i) + HE i>n+j + E n+hi )} + ^ FE itn+i . (7.2) 

l<i<j<n i=l 

Fix 1 < rii < n 2 < n. The noncanonical oscillator representation of sp(2n, F) on B = 
F[xi, ...,x n ,yi, ...,y n ] is defined via (1.14)-(1.16). Recall /C = J27j=i^( E i,j ~ K+j,n+i)- 

Theorem 7.1. Let k e Z. If n\ < n 2 or k ^ 0, £/ie subspace Bn.\ (cf. (1.17)) is an 
irreducible sp(2n,¥) -module. Moreover, it is a highest-weight module only if n 2 = n, in 
which case for m G N, a;"™ is a highest- weight vector of S(- m ) with weight — mA ni _i + 
(m — l)A ni; 2^+1 is a highest-weight vector of B^ n+ i) with weight — (m + 2)A rai + (m + 
l)A„ 1+ i + (m + l)<5„ ljn _iA n z/ni < n and is a highest-weight vector of ' B( m +i) with 
weight (m + l)A n _i — 2(m + l)A n when n± = n. 

When n\ = n 2 , the subspace Biq\ is a direct sum of two irreducible sp(2n, ¥)-submodules. 
If n\ = n 2 = n, they are highest-weight modules with a highest-weight vector 1 of weight 
—2X n and with a highest-weight vector x n _iy n — x n y n -\ of weight 5 n ^ 2 \ n ^ 2 — 4A n , respec- 
tively. If n\ = n 2 = n, all the irreducible modules are of {Q , K)-type. 

Proof Recall that we embed s/(n, F) into sp(2n, F) via E^ i->- E^j — E n+ ^ ni . Moreover, 
B is nilpotent with respect to sl(n, F) + (cf. (2.30)) and 



n\ n,2 n 

x r y r + ^ ^ x s dy s 

i=l r=rai+l s=n,2+l 



(7.3) 



Note 



(E^n+j + Ej,n+i)\i3 — 9 Xi d yj + d Xj d yi , (E i:fl+r + E r)n+i )\ B — d Xi d Vr + x r d yi , (7.4) 

(E r , n +s + E s , n+r )\ B = x r dy s + x s d Vr (7-5) 
for i, j G l,ni and r,s <Erii + l,n 2 by (1.15). Moreover, 

(Eij - E n+j , n+i ) \ B = -Xjd Xi - yjd Vi - Sij (7.6) 

and 

{Ei-r — E n+r ^ n+i )\ B = d Xi d Xr — y r d yi (7.7) 

for i, j G 1, rii and r G ni + 1, n 2 by (1.7), (1.8) and (1.14). We will process our arguments 
in two steps. 

Step 1. n 2 = n. 

Under the assumption, B is nilpotent with respect to sp(2n,¥) + by (7.4)-(7.7). 
First we assume n\ + 1 < n. According to (3.37), the nonzero weight vectors in 

Span^OC 1 ?/™ 2 ) \m r eN;i = m,ni + 1} (7.8) 

are all the singular vectors of sl(n, F) in B. The singular vectors of sp(2n, F) in B must be 
among them. Moreover, the subalgebra sp(2n, F)+ is generated by sl(n,¥) + and E nj2n . 
According to (7.5), E n>2n \ B = x n d yn . Hence 

E n:2n (rj^(xryT)) = inknf^CyD + ^ m3 (xrc 2_1 )] (7-9) 

for % — n 1: n-i + 1 by (7.3). Considering weights, we conclude that the vectors {x™ , x™ 4 ^ | 
m G N are all the singular vectors of sp(2n, F) in B. Furthermore, 

< G £ ( _™> and <+\ G £ <m+1) for m G N. (7.10) 

Thus each £>(&} has a unique non-isotropic singular vector for k G Z. By Lemma 3.3, all 
with fceZ are irreducible highest- weight sp(2n, F)-submodules. 
Consider the case n\ + 1 = n. According to (3.112), the nonzero weight vectors in 

Spanl^^^C 3 ),^ 1 ^ 2 ,^ 1 ^ 2 ^!^ 3 -™ 1 ) I rm G N} (7.11) 

are all the singular vectors of s/(n, F) in £>. Recall E n ^n\B — x nd Vn - We have 

K>(xrC) = m 2 x^ +l y^-\ (7.12) 

By (7.11) and considering weights, we again conclude that the vectors {x'^_ l , | m G N 
are all the singular vectors of sp(2n, F) in B. Again all B^) with k G Z are irreducible 
highest-weight sp(2n, F)-submodules. 

Suppose rii = n. By (7.4), we have E n>2n = d Xn d Vn in this case. According to (4.31), 
the nonzero weight vectors in 

Span{:CyrCr I m G N} (7.13) 



are all the singular vectors of sl(n,¥) in B, where d = x n ^iy n — x n y n -i in this case. 

= m x m 2 xT- X yT~\T +m 1 m 3 x n - 1 x^- 1 yr(r- 1 

-m 2 m 3 y n - 1 xryr _1 Cr 3 " 1 - m 3 (m 3 - ^x^y^x^y^C 3 ' 2 

= mi (m 2 + msJC'C'Cr + m 3 ( mi - m 2 - m 3 + l^x^y™' 1 ^' 1 

-m 3 (m 3 - l)yl_ lX ^ +1 y^- l Cr~ 2 - (7-14) 

Considering weights, we again conclude that the vectors {x™,y™ +1 ,(i \ m E ~N} are all 
the singular vectors of sp(2n, F) in B. Moreover, 

x™ e 6<_ m> , e 6 (0> and e 6( m +i> for men. (7.15) 

Thus each with k 7^ has a unique non-isotropic singular vector for k G Z. By 
Lemma 3.3, all £>( fc ) with O^fceZ are irreducible highest-weight sp(2n ) F)-submodules. 
Set 

6< ,i) = Span{[ Y[ (x r y s + | l r>s G N} (7.18) 

l<r<s<n 

and 

-6(0,2) = Span{[ j | (x r y s + x s y r ) lr ' s ](x p y q - x q y p ) \ l r>s G N; 1 < p < q < n}. (7.19) 

l<r<s<n 

Let 



Q'= HE n+s , r + E n+r , s ) (7.20) 

and 



Kr<s<n 



G=J2 ¥ ( E ^ - E n+0,n+i) + HE r , n+s + E s , n+r ). (7.21) 

i,j=l l<r<s<n 

Then Q' and Q are Lie subalgebras of sp{2n, F) and sp{2n, F) = Q' @Q . By PBW Theorem 

tf( S p(2ri,F)) = [/(S')^(S)- (7.22) 

Note 



(E n+S)r + E n+ryS ) B = -(x r y s + x s y r ) for r,s G 1, n (7.23) 
by (1.16). According to (7.4), (7.6) and (7.23), 

S(o,i> = U(Q')(1) = U(sp(2n,¥))(l) (7.24) 

and 

6(0,2)= ]T U(g')(x p y q -x q y p ) = U(sp(2n,¥))(Ci) (7.25) 

l<p<g<n 

are sp(2n, F)-submodules. 

It is obvious, 1 ^ -6(0,2)- On the other hand, (6(o,i)|x n _iy n — x n y n -i) = {0}. Hence 
Xn-iUn ~ x nUn-i & 6(o,i). Thus 6( ,i) and 6(o,o) have a unique non-isotropic singular 



vector. By Lemma 3.3, they are irreducible. Since 1 and x n ^iy n — x n y n _\ are the only 
singular vectors in £>( ) which is nilpotent with respect to sp(2n, F)+, Lemma 2.3 yields 

£<o)=#<o,i)©tf<o,2) (7.26) 

by the similar arguments as those from (3.67) to (3.69). 

Step 2. n 2 < n. 

We set 

Q x = J^¥(E^ - E n+j , n+l ) + J^{¥E^ n+i + ¥E n+ht ) 

i,j=l i=l 

+ ^2 [ F (^:«+i + E n+j,i) + ^(En+i,j + En+j,i)] (7.27) 
l<i<j<ri2 

and 

n n 

Q2 = ^ ^(Ei,j — E n+ j t n +i ) + ^ {¥Ei^ n+i + ¥E n+it i) 

i,j=ni+l i=ni+l 

+ J2 \n^n +1 + E n+hi ) + ¥{E n+hJ + E n+hi )}. (7.28) 

ni+l<i<jr<n 

Then Qi = sp(2n 2 , F) and £ 2 — sp(2(n — rii), F) are Lie subalgebras of sp(2n, ¥). Denote 

M 1 = F[xi, ...,x n2 ,yi, ...,y„ 2 ], Al 2 = F[x ni+ i, x„, y ni +i, ••-,!/«]• (7.29) 

Observe that M 1 is exactly the C/i-module as B in Step 1 with n — > n 2 and Al 2 is exactly 
the ^i-module as B in Step 1 with n\ = n 2 and n — >■ n — ni. Moreover, we set 

At 3 = F[xi, ...,x ni ,y u ...,y ni ], Al 4 = ¥[x ni+1 , ...,x n2 ,y m+1 , ...,y na ]. (7.30) 

Let 

•^(fe) = AT P|#< fe ) for i G IT?, fc G Z. (7.31) 

Then 

M\ k) = Q)M\ r) M\ k _ r) for fc G Z. (7.32) 

Next we prove the theorem case by case. 
Case 1. rii + 1 < n 2 

According to (3.36), the nonzero weight vectors in 

Span^OC 1 ?/™ 2 ) I m r e N;i = m,m + 1; j = n 2 ,n 2 + 1} (7.33) 

are all the singular vectors of s/(n, F) in £>. Fix /c G N. Then the singular vectors of 
sl(n, F) in B/_ k \ are 

f r ,">3( , J+m2+2m 3 m 2 \ m 3 /mi fe+mi+2m 3 \ 
I 7 / l^ni y n2 Ji 1 ! l X ni+li/n 2 +l J> 

?7 m3 « 4 C 5 + i) I G N; m 4 + m 5 - 2m 3 = k}. (7.34) 



Let M be a nonzero sp(2n : F)-submodule of B^ k y Then M contains a singular of sl(n, F). 
Suppose some r, m *{x k + m * +2m *y™*) G M. We have E nun+ni \ B = d Xn d Vnx and 

2m 3 

<!n +ni [^ m3 « m2+2m3 C 2 2 )] = Wii[(k + m 2 + r)]a%™y% G M (7.35) 



r=l 



by (7.3) and (7.4). Moreover, (E nun+n2 + E n2tJl+Jll )\ B = d Xn d yn<i + x n2 d yni and 

mi 

(E nun+n2 + E n2 , n+ni ) m2 « m2 C 2 2 ) = m 2 \[l[(k + r)]< G M (7.36) 

r=l 

by (7.4). Thus 

< G M. (7.37) 
Assume some r]" l3 (a;™ 1 +1 ^+7 1 1+2m3 ) G M. According to (1.16), 



(-B n +ij + E n +j,i)\t3 = d Xi d yj + d Xj d Vt for i G n 2 + 1, n. (7.38) 

So 

C 2+ i,, + i[f 3 (Ci2/S +2m3 )] = ms!©* + + 0]<Vi< + + T e M - (7-39) 

r=l 

Moreover, 

(-E'n+n2+l,ni+l + ^n+ni+l.na+Ols = 9x„ 1+ i9j,„ 2+1 + y n i+l<9a; n2+1 (7.40) 

by (1.16). Hence 

mi 

(£ n+ n 2+ i,n 1+ i + ^x+i^+O^W+iI/S^ 1 ) = m^Hik + r)]y* 2+1 G M. (7.41) 

r=l 

Furthermore, 

(-E , n+n 2 +l,ni + ^n+m^+l) |s = ~ x rndy n2+1 + y ni d Xn2+1 (7.42) 

by (1.16). Thus 

(£ n+ n 2+ i, m + £ n+ni , n2+1 ) fc (<4 +1 ) = (-l) fc A;!x^ G M. (7.43) 

Thus (7.37) holds again. 

Consider r] m:3 (x™*y™ 2+l ) for some m 3 , m 3 , m 4 G N such that m 4 + — 2m 3 = k. Note 
that E'm+i.n+m+ile = x ni+1 d Vni+1 by (7.5) and 

C 3 + l,n + n 1+ l[^ 3 « 4 C 2 5 + l)] = ^3!^!< 4 C + 1 ^ M. (7.44) 

There exists r±, r 2 G N such that r x + r 2 = 2m 3 and r x < m 4 , r 2 < m 5 . Moreover, 

(^ni.m+l — En+ni+l,n+ni)\B = 9 Xni d Xni+1 — y ni +\dy ni (7-45) 

by (1.7), (1.8) and (1.14). Moreover, (7.40) and (7.45) yield 

{E ni , ni+ i — E n+Jll+ i :n+m ) 1 (£ , n+n2+ i >ni+ i + -E n+ni+ i )ra2 _|_i) 2 (^ ni +i^ ni 4 |/ ra2 +i) 

n— 1 r 2 — 1 

= (2m 3 )![J](m 4 - Si)][JJ(m 5 - s^s^C+r e ^ (7-46) 

si=0 s 2 =0 



Furthermore, (7.42) yields 



(F , _i_ TP \m 5 -r2( mA-ri m 5 -r 2 \ 

y^n+n 2 +l,ni ~r J^n+m ,n 2 +l J \ x ni J/n 2 +l I 

= (-l) m5 - r2 (m 5 -r 2 )!<6M. (7.47) 

Thus we always have x\ G M . 

Note that M\^ k ) 3 x n 1 i s an irreducible ^i-module (cf. (7.27) and (7.29)) by Step 1. 

So 

M\_ k) C M. (7.48) 

Let r G Z. According to (7.32), 

-M? r) .M^_ r> C M\_ k) C M. (7.49) 

Moreover, M. 2 ^_ k _ r ^ D -M|_ fc _ r ^ is an irreducible ^-module (cf. (7.28) and (7.29)) by Step 
1. Thus 

M\ r) M\_ k _ r) = U{Q 2 ){M\ r) M\_ k _ r) ) C M. (7.50) 

Then 

^> = ®4>4m cM ( 7 - 51 ) 

by (7.29) and (7.30). Therefore, M = £>(_&), that is, £>(-&) is an irreducible sp(2n, ¥)- 
submodule. 

Fix < k G N. Then the singular vectors of s/(n, F) in are 

I 7 / l X ni+l i/n 2 +lJ''/ l X n! i/n 2 J''/ l X ni+l£/n 2 J 

| m, € N; 2m 2 < k + mi; m 4 + m 5 + 2m3 = k} (7-52) 

by (7.33). Let M be a nonzero sp(2n, F)-submodule of <8/m. Then M contains a singular 
of sZ(n,F). Suppose some r] m ^(x k n + ^- 2m2 y^ +1 ) G M with 2m 2 < k + m x . We have 

£ni+l,n+ni+l|,8 = x rti+l<9j/ ni+ i and 

P™2 LTn 2 f J+mi-2m2 mi\l _ | T *+mi mi ^ 1/ 

by (7.3) and (7.5). Moreover, (7.40) gives 

mi 

(E n+n2+1>ni+1 + E^^rix^y^) = m^Hik + r)]< +1 G M. (7.54) 

r=l 

Thus 

<+i G M. (7.55) 
Assume some r?™ 2 ^™ 1 ?/^"™ 1-2 " 12 ) G M with 2m 2 < /c + mi. Observe -E n+ „ 2in2 = 
yn 2 d Xn2 by (1.16). So 

K?n 2 ,n 2 [V m2 (CC" 1 " 2m2 )] = "to^C vE™ e (7-56) 
Moreover, (7.4) gives that (S ni , n+na + K 2 ,n+m)|e = d Xni d Vn2 + x n2 d yni and 

mi 

(Ki,n + n 2 + E n2 , n+ni ) mi {x2y k n + 2 mi ) = m^Hik + r)]y k n2 G M. (7.57) 



r=l 



Furthermore, (7.5) yields that (£? ni+1>n+na + E n2tJl+Jll+1 ) \ B = x ni+1 d Vn2 + x n2 d Vni+1 and 

,n+rti + l ) k (y k J = k\x k ni+l G M. (7.58) 

Thus (7.55) holds again. 

Consider "H™ 3 (x™* +1 y™ 2 6 ) ^ or some m 3i m 3> m 4 G N such that m 4 + m 5 + 2m 3 = fc. Note 
^ni+i.n+m+i = ^th+i^j/„ 1+ i by (7.5). So 

Cn^i+il'TW+iC)] = msK^vZ 5 e ^- (7-59) 
According to (7.5), 

(£ m+1 , n+n2 + ^ n2 , n+ni+1 ) m5 (< 4 + + 1 2m3 C 2 5 ) = ™ 5 !< +1 G M. (7.60) 

Therefore, we always have +1 G M. 

Observe that A4^ 9 is an irreducible (? 2 -module (cf. (7.28) and (7.29)) by Step 

1. So 

M\ k) C M. (7.61) 

Let r G Z. Denote 

M 5 =F[x n2+1 ,...,x n ,y n2+1 ,...,y n ], M\ k) = M 5 f]B {k) , k G Z. (7.62) 

Then 

^<*>=0H>**<*-r> ( 7 - 63 ) 

(cf. (7.30)). Fix r G Z. 

A4>A4_ r) C A^ fe) C M. (7.64) 

Moreover, D M A {r) is an irreducible ^-module (cf. (7.27) and (7.29)) by Step 1. 

Thus 

M\ r) M%_ r) = U(Q 1 )(M\ r) M\ k _ r) ) C M. (7.65) 

Furthermore, 

by (7.27) and (7.65). Therefore, M = £>( fc ), that is, <B( fe ) is an irreducible sp(2n, ¥)- 
submodule. 

Case 2. n 2 — n\ + 1. 

According to (3.104), the nonzero weight vectors in 

span|?7 (x- y- ),x ni+1 y m+1 ,r) {x ni y ni+1 ),rj \y ni +2 x n 1 +i ) 

I m r G N; (i, j) = K, m + 1), (n 1? m + 2), (m + 1, n x + 2)}. (7.67) 

are all the singular vectors of s/(n, F) in £>. Fix k G N. Then the singular vectors of 
s/(n, F) in B^ k ) are those in (7.34). According to the arguments in Case 1, B^ k ) is an 



irreducible sp(2n, F)-submodule. Let < k G N. Then the singular vectors of sl(n,¥) in 
B{ k ) are 

r„m2f T fc +mi-2m 2 mi \ „m 2 / T miJ;+nil-2m2\ m 5 +m 6 / m 6 m 7 -TO5\ m 5 +m 6 / m 6 m 7 -m 5 \ 

£™ 3 +1 2/™ 4 +1 | m, G N; 2m 2 < fc + m x ; m 3 + m 4 = fc = m 5 + m 5 + m 7 } (7.68) 

by (7.67). Let M be a nonzero sp(2n, F)-submodule of As an sl(n, F)-module, M 
contains a singular of s/(n, F). If x™ 3 +1 ?/™ 4 +1 G M with m 3 +m 4 = fc, then E ni+1 ^ n+ni+ i\ s = 
x ni +idy ni+1 and 

< 4 + i,n + n 1+ i« 3 + i< 4 + i) = € M =► < +1 G M (7.69) 

by (7.5). Suppose some ^ mr ' +m& {x^y^^'') G M with m 5 + m 5 + m 7 = k. According to 
(1.16), E n+ni+ i m+1 = y ni+ id Xni+1 . So 

CX+il^WC'T)] = ("»s + r^OE?? G M. (7.70) 
Moreover, (7.4) yields that (E ni>n+ni+1 + E ni+1>n+ni )\ B = d Xni d yni+1 + x ni+1 d yni and 

(E nun+ni+1 + ^ 1+ i,n +ni ) m6 « 6 ^ + T) = ™ 6 \[l[(k + r)]y£ 1+1 G M. (7.71) 



r=l 

Assume some J7 m5+m6 (y™+2<T+r B ) e M with m 5 + m 5 + m 7 = k. By (7.3) and (7.5), 
Observe 

(-E , 7i+jii+2,ni+l + £'n+Tii+l,ni+2)|s = 9a:„ 1+1 d{/„ 1+2 + y ni +ld Xni+2 (7.73) 

by (1.16). Hence 

(E n+ni+2 ,„ 1+1 + E n+ni+1 , ni+2 ) m «« 6 +2 x^) = m 6 ![n(A: + r)]< +1 G M. (7.74) 

Expressions (7.53)-(7.60), (7.69), (7.71) and (7.74) show that we always have x k ni+1 G 
M. Furthermore, (7.61)-(7.66) imply that is an irreducible sp(2n, F)-module. 

Case 3. n\ = n 2 . 

In this case, 

n\ n 
1=1 S=?12 + l 

First we consider the subcase 1 < n\ < n — 1. Expression (4.17) says that the nonzero 
weight vectors in 

Span{< 1 C 1 2 Cr +1 , < 1 +1 < 2 +1 C 2 m3+1 ) iT" OClC+i) I ™* G N > ( 7 - 76 ) 
are all the singular vectors of sl(n,¥) in £>, where 



Ci — ^m-iVm ~ x ni y ni -i, £ 2 — x ni+ iy ni+ 2 — £ ni + 2 y ni +i. 



(7.77) 



Fix k G N+ 1. Then the singular vectors of sl(n,¥) in are 

r J+mi miAm2+l mi „,fc+miATO 2 +l ^ms/^-.ms \ 
l x ni i/ni Si ? x ni+li/ni+l S 2 5'/ l x ni i/ni+lJ 

m 1 eN;m 4 + m 5 - 2m 3 = k}. (7.78) 

Let M be a nonzero sp(2n, F)-submodule of £>(_ fc ). As an s/(n, F)-module, M contains 
a singular vector of sl(n,W). Suppose some x k n + mi y™^C? 2+1 e M - Note E n u n+ ni \B = 
9 Xni d yni by (7.4), and so 

771 / k+mi toiato 2 \ 

^nijn+niV-^ni fni Si / 

= (fc + mOm!^- 1 ^- 1 ^ 2 - m 2 (m 2 - ljx^CV-ife-iCr 2 - 2 

+ (fc + m^m^^y^x^C 2 ' 1 - m^^y™" WiCT" 1 - (7-79) 
Moreover, 

(E ni -i >ni - K+ni,n+ni-i)|s = -(^m^^! + Vmdy^^) (7.80) 
by (1.7), (1.8) and (1.14). Thus 

(F , — JP A 2 F (~k+mi mifm2\ 

^ni— 1,711 -^71+711,71+711-1^ -^711,71+711 l x m i/niSl j 

= -2m 2 (m 2 - l)^ 1+1 Ci 1+1 Cr" 2 e M. (7.81) 



1+1^7712-2 p 

Hence 



4+ mi+1 C i 1+1 Cr 2 " 2 G M if m 2 > 1. (7.82) 

Furthermore, 

(Ki-l,ni - Ktnx^-l^^^CCl) = "fcCW £ M - (7-83) 

So we always have x k r ^ m y™ 1 G M for some m G N by induction on m 2 . 
Observe 

TO 

Ki,n+ni« m Ci) =^ 1 ^ 1 « m C 1 ) = m\[l[(k + r)]x k ni (7.84) 

r=l 

by (7.4). Thus 

< G M. (7.85) 
Symmetrically, if some CiVi^^TC^ 1 e M, we have G M. But 

(-E'n+m+l.ni + ^n+ni,ni+l)|e = — x ni ^y„ 1 + i + Vnid Xni+ i (7.86) 

by (1.16), which gives 

(£ n +m+i,ni + S n+ni , ni+ i) fc (^ 1+1 ) = (-l) fc A;!< G M. (7.87) 

Thus (7.85) holds again. 

Assume that some Vi m3 {x™^y™* +1 ) G M with WI4 + ms — 2m3 = k. Note there exists 
r 1 ,r 2 G N such that r\ + r 2 = m 3 and 2r x < m 4 , 2r 2 < m 5 . Moreover, E ni;n+ni \g = 
d Xni d yni by (7.4) and E n+Tll+hni+1 \ B = d Xni+1 d yni+1 by (1.16). Thus 

jpri rpr 2 r m 3 / m 4 m B \l 

^711,71+711-^71+711+1,711+11'/ V x ni yni+lJi 

2ri-l 2r 2 -l 

= m 3 ![ n K - *i)][ II K> - « 2 )]< 4 - 2n C+i 2r2 G M. (7.88) 

si=0 s 2 =0 



Furthermore, (1.16) gives (# n+ni+1>ni + E n+nuJll+1 )\ B = -x ni d yni+1 + y ni d Xni+1 , and 

(F _|_ J? \m s -2r 2 ( m 4 -2ri m 5 -2r 2 \ 

^-C/n+ni+l,ni "T £/ n +ni,ni+lj i/ni + 1 J 



SO 



711 



= (-l) m5 - 2r2 (m 5 - 2r 2 )!< G M. (7.89) 



Thus we always have G M. 
Now 

(-E'ni.Ti+Tii+l + Eni+l,n+ni)\B = ~ 2/ni+A ni + a; ni + l<9?/„ 1 (7.90) 

by (7.4). For any r G N + 1, 

( 1 (E nun+ni+1 + s B1+1>tl+B1 )«-«) = e M - ( 7 - 91 ) 



rEi(*-o 



If A: > 2 and r G 1, A; — 1, then 

A*J- fc+r >A<?- P > = WiM£ 2 )(< r 24 + i) C M (7.92) 

because M]^_ k+r ^ is an irreducible (/i-module and M- 2 ^ is an irreducible (? 2 - m odule by 
Step I. Moreover, 

M\_ k) = M?_ fe) = U(QM 1+1 ) C M. (7.93) 

Furthermore, 

Ml k) M 2 {0) = tf(&)tf(0 2 )«) C M if m = n - 1 (7.94) 

and 

M\ Q) M\_ k) = U(Q 1 )U(g 2 )(y k ni+1 ) c M if m = 1. (7.95) 

Note 



(E r>i - E n+ j jn+r )| B = - XiX r for i G 1, n 1: r G ni + 1, n (7.96) 
by (1.7), (1.8) and (1.14). In particular, if k > 1 or n\ — 1, we have 

(-^ni+l.m — -E'n+ni,n+ni+l)(2 ; ni) = VniX^llni+l ~ x ^ x m+l £ (7.97) 

Since 



2/m<2/n 1+ i e A4(_ fe+ i}A4(-i) C M, (7.98) 

we get 

a^+V+i G M. (7.99) 
Suppose A; = 1 and n\ > 1. By (7.93), 

ClXni = (aJni-lS/ni ~ ^m2/ni-l)^m £ M. (7.100) 

Observe 

(E ni+ l, n+m -l + -Eni-l,rt+ni+l)|/3 = x n 1 +ldy ni _ 1 ~ y m +ld Xni -i (7.101) 

by (1.15). So 

— (E ni +i,n+m-i + E ni _i jn+m+ i)(^ix m ) = x^Xn-^i — x ni y ni y m+ i G M. (7.102) 



On the other hand, (1.16) gives 



(E n+i:j + E n+j4 )\ B = -(xiDj + XjUi) for i,j e l,n u (7.103) 

which implies 

-E n+num (y ni+1 ) = x m y m y ni+1 E M. (7.104) 

By (7.102), we have x 2 ni x ni+1 e M. So (7.99) always holds. 
By Step 1, 

Ml k _ 1} M 2 {1) = U(g 1 )U(G 2 )(x k + l x ni+1 ) C M. (7.105) 

Suppose 

M\_ k _ t) M% C M (7.106) 

for 1 < i < m. Then 

(E m +i :m — E n+nitTl+ni+ i)(x ni x ni+1 ) 

= feCCife+i - < m+1 < + + \ G M (7.107) 

by (7.96). If m > 1, we have 

y ni < m < +1 y ni+1 e -M^^^d)^^!) C M. (7.108) 

Note 



(S r)n+s + £; Sin+r .)| e = -(x r y s + x s y r ) for r, s e ni + 1, n (7.109) 
by (1.15). If m = 1, we have 

J/m^^m+iJ/ni+i = -S ni+ i )n+ni+ i(j/ ni a:*+ 1 ) C £ ni +i,n+n 1+ i(.M J_ fc) ) C M. (7.110) 
Then (7.107), (7.108) and (7.110) give 

e M - ( 7 - m ) 

Furthermore, 

-M(- fc - m -i)^( m+ D = ^(^i)^(^)« m+1 ^ 1+m+ i) C M. (7.112) 
Thus (7.106) holds for any ieN+1. Symmetrically, we have 

M} t) M 2 _ k _ t) CM for ieN+1. (7.113) 
Suppose ni < n - 1. Then x^+ 1 a; ni+ iC2 G M by (7.105). Moreover, 

(A; + l)y„ 1 <!/„ 1 +iC2 = -(A; + ^E^^x^y^+i^) e M (7.114) 
by (7.92) and (7.103). According (1.7), (1.8) and (1.14), 

(E ni!ni+ i — E n+ni+ i >n+ni )\B = d Xni d Xni+1 — d Vni dy ni+1 . (7.115) 

Thus 

(E ni ,ni+1 — -£'n+ni+l,n+m)[(^^ 1 ^ni+l ~ (k + l)y ni X^ i y ni+ i)C 2 ] 

= 3(H1)<( 2 £M (7.116) 



by (7.77). Hence 

M\_ k) M\ Q) = tf(<?i)tf(ft)«) + t/(£iM£ 2 )«C 2 ) C M (7.117) 
by (7.26) and(7.85). Symmetrically 

M\ 0) M 2 { _ k) C M. (7.118) 
By (7.92)-(7.95), (7.106), (7.112), (7.113), (7.117) and (7.118), 

M\_ k _ r) M\ r) CM for r G Z. (7.119) 

Therefore, 

Sh)=©^(-m4) cM - ( 7 - 12 °) 

We get M = B(-k), that is, B(~k) is an irreducible sp(2n, F)-module. We can similarly 
prove that B^) is an irreducible sp(2n, F)-module. 

Finally, we study B(o)- We first consider the generic case 1 < n\ < n — 1. Set 



#<o,i) = Span{[ J[ (x r y s + x s y r ] 

l<r<s<ni Or ni+l<r<s<n 



n\ n 



x O II "" ») fcp ' 9 ] I lr,s, k p , q e N} (7.121) 

p=l g=ni+l 

and 

ni n 

#<o,2> = XI ^<o,i>( a; rl/s-a; s t/ r ) + X ^ B {0:1) (x p x q + y p y q ). (7.122) 

l<r<s<ni Of ni+l<r<s<n p=l q=ni+l 

We want to prove that £>( ,i) and i3^ ,2> forms sp(2n, F)-submodules. 
Let 

Q' = X ^(E n +s,r + -E n+rjS ) + ^ F(E pjn+ g + E q , ri+p ) 

l<r<s<ni ni+l<p<q<n 
ni n 

+ Yl HE Pir -E n+1 , n+p ) (7.123) 

r=l p=rti+l 

and 

m n 

i,j=l r,s=ni+l l<r<s<ni 

n\ n 

ni+l<p<g<n r=l p=ni+l 

+IF(-Er,n+ P + E P:n+r ) + F(_E n+rjP — £ , n+Pjf .)]. (7.124) 

Then and are Lie subalgebras of sp(2n, F) and sp(2n, F) = By PBW Theorem 

C/(sp(2n,F)) = U{Q')U(Q). 

By (7.96), (7.103) and (7.109), 

U(G')\b — #<o,i) as multiplication operators on (7.125) 



Moreover, 

(E r , s — E n+s>n+r )\B = x r d Xs + y r dy s + 5 rjS , (7.126) 

(E n+r . iS + E n+S)r )\ B = d Xr dy s + d Xs dy r , (7.127) 

(En+rj + E n+i , r )\ B = -Xidy r + yidx r , (7.128) 

(E i>n+r + E r>n+i )\ B = -y r dxi + x r dyi, (7.129) 

(E i:T - E n+rtn+i )\ B = d Xi dx r - d yi dy r (7.130) 



for % G l,ni and r, s G m + l,ra. According to (7.4), (7.6), (7.124) and (7.126)-(7.130), 
U (G)(1) = ¥. Thus 

B m = U(Q')(1) = U(sp(2n,¥))(l) (7.131) 

forms an sp(2n, F)-submodule. 
Let 



m n 



W= ¥(x r y s -x s y r ) + J2 Yl F (^ + »)- (7-132) 

Kr<s<ni Of ni+l<r<s<n p=l q=ni+l 

By (7.4), (7.6) and (7. 126)- (7. 130), we can verify that W forms an irreducible ^-submodule. 
Hence 

B(o,2) = U(Q')(W) = U(sp(2n,¥))(W) (7.133) 
forms an sp(2n, F)-submodule. Moreover, 

B m f]W = {0}. (7.134) 

Next we want to prove that #(o,i) and Z3(o,2) are irreducible sp(2n, F)-submodules. 
According to (7.78), the singular vectors of sl(n,¥) in £>( ) are 

mi/-m2+l „mi ,,mi Am 2 +1 m 3 / rrt 4 rrt 5 \ 
i/ni Si 5 x ni+li/ni+lS2 i '/ l x ?ii i/ni + ly 1 

| m, 6 N; m 4 + m 5 = 2m 3 }. (7.135) 

Let M be a nonzero submodule of <B<o,i>- Then M contains a singular vector of sl(n,¥). 
Suppose some x^y™ 1 ^ 2 G M. By (7.79)-(7.82), we can assume m 2 = 0, 1. If m 2 = 0, 
(7.84) yields 1 G M. Then M = i5 (0 ,i> b y (7.131). Suppose m 2 = 1. We have E nun+ni \ B = 
d Xni d yni by (7.4), and 

Pieced = ™iK + ix^cr'o (7.136) 

by (7.79). By induction on mi, we have (i6Mc #(o,i), which contradicts (7.134). Sim- 
ilarly, if some x™^ +l y™^ +1 C,™ 2+1 e Af, we have M = B (0jl) . Assume some r] mz (x^y^ +l ) G 
M with m 4 +m 5 = 2m^. Note m 4 and m 5 are both even or odd. If m 4 = 2ri and m 5 = 2r 2 
are even, then (7.88) gives 1 G M, equivalently M = j6(o,i>- Suppose that m 4 = 2r 4 + 1 
and m 5 = 2r 2 + 1 are odd. Expression (7.75) yields 

vi^Vm+i) = x ni x„ 1+ i + y ni y ni+1 G M C #<o,i), (7.137) 

which contradicts (7.134) again. Thus we always have M = <B(o,i), that is, <B( ,i) is 
irreducible. Similarly, we can prove that #(0,2) is irreducible. 



If rii — 1 and n = 2, we let 

n 

B m = Span{[J](x iyi ) mi ](^i^2 - 2/12/2H] | G N} (7.138) 

i=l 

and 6^0,2) — 6(o,i) (^1^2 + 2/12/2) • When n\ — 1 and n > 2, we set 

n 

6(0,1) = Span{[(x 1 2/ 1 )' JJ (x r 2/ s + ^y^'ltl]^ 1 ^ - y x y q ) k «\ \ I, l r , s , k q E N} (7.139) 

2<r<s<n q=2 

and 

n 

6(0,2) = ^P. 1 ) ~~ + ^P. 1 ) ( :Cia: 9 + yiy ^ ■ 140 ) 

2<r<s<n q=2 

In the case 1 < n\ — n — 1, we put 

6(0,1) = Span{(x n y n ) l [ || (x r y s + x s y r ) lr ' s ] 

l<r<s<n— 1 

n-1 

x [JJ(x p x n - y p y n ) kp ] I /, Z r>8 , k p e N} (7.141) 

P =i 

and 

m 

6(0,2)= ^Q' 1 ) ( x ry s -x s y r ) + ^2 (x p x n + y p y n ). (7.142) 

l<r<s<ni p=l 

The above corresponding partial arguments show that 6(0,1) and 6(0,2) are irreducible in 
the corresponding case. 

Now 1 is a non-isotropic element in 6(0,1) and x ni x ni+ i + y ni y m+1 a non-isotropic 
element in 6(0,2) by (3.54). By Lemma 2.3, the symmetric bilinear form (-|-) restricted 
to them are nondegenrate. Since (1|6( ,2)) = {0}, 6(0,1) is orthogonal to 6(0,2) • Thus the 
symmetric bilinear form (-|-) restricted 6(0,1) + 6(0,2) is nondegenerate. Then 

6(0) = (6(0,1) +6(0,2)) © (6(0,1) +6(0,2) ) ± f)^°)- ( 7 - 143 ) 

If (6(0,1) + 6(0,2))"*" P|6(o) 7^ {0}, then it contains a singular vector of sl(n,¥). Our above 
arguments in proving the irreducibility of 6(0,1) show that it contains either 6(0,1) or 
6(0,2), which is absurd. Therefore, 6( ) = 6(0,1) ©6(0,2) is an orthogonal decomposition of 
irreducible sp(2n, F)-submodules. 

Suppose rii = n 2 = n. For k e N + 1, (4.21) and (4.31) imply that 

00 00 

B <*> = © V r CH(k-2r- m , m) ) (7.144) 

m=0 r=p+l)/2] 

and 

00 

B (-k) = V r CH(~k-2r- m , m) ) (7.145) 

m,r=0 

are (Q, /C)-structures, where "H(_ mi _ m2 , m2 ) is given in (4.42). Moreover, 

00 

8(0,1) = V r (n { -2r-2m,2m)) (7.146) 
m,r=0 



and 

oo 

£<0,2> = V r (n { -2r-2m-l,2m+l)) (7.147) 
m,r=0 

are (Q, /C)-structures by the arguments in (7.79)-(7.82), (7.84) and (7.136) (cf. (7.24), 
(7.25)). □ 
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